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Abstract: We derive the general structure of dimension-six derivative interactions in the 
N Higgs doublet models, where Higgs fields arise as pseudo Nambu-Goldstone modes of a 
strongly interacting sector. We show that there are several relations among the dimension- 
six operators, and therefore the number of independent operators decreases compared with 
models on which only SU{2)l x U (l)y invariance is imposed. As an explicit example, 
we derive scattering amplitudes and cross sections of longitudinal gauge bosons and Higgs 
bosons at high energy on models involving two Higgs doublets, and compare them with 
those of one Higgs doublet. 
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1 Introduction 

Recent progress in the Higgs boson searches at the Tevatron and the Large Hadron Collider 
(LHC) are remarkable [1], and we are likely to observe the Higgs boson soon if it exists in 
the mass range favored in the standard model (SM). When the Higgs boson is discovered, 
precise study of its properties is an important step to understand the dynamics behind the 
electroweak symmetry breaking (EWSB). In many models, a SM-like Higgs boson may be 
observed at first, even if the Higgs sector has complicated structure. For example, there 
may be a new symmetry principle like supersymmetry or a new strongly interacting sector 
like little Higgs models. 

The strongly-interacting light Higgs (SILH) model was proposed as a framework de- 
scribing an effective theory of one Higgs doublet models with a light physical Higgs boson 
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based on a new strongly interacting sector [2]. In this model, the Higgs doublet is iden- 
tified as a composite field corresponding to pseudo Nambu-Goldstone bosons (PNGBs) of 
a global symmetry breaking at some high energy scale. The model introduces two new 
scales, / and nip = Qpf, where / is the decay constant describing the global symmetry 
breaking and nip is the mass scale of new resonances. The new coupling constant Qp is 
considered to be in the range of qsm ^ S'p ^ ^vr, where qsm indicates the weak gauge 
coupling or the top Yukawa coupling. Explicit examples of this kind of structure can be 
found in little Higgs models [3] and models with large extra dimension [4]. In Ref. [2], the 
general form of the effective Lagrangian was introduced, and its phenomenological impli- 
cations were discussed. They studied high energy behavior of the scattering amplitudes for 
longitudinal modes of massive gauge bosons and the Higgs boson. It was shown that the 
longitudinal gauge bosons and the physical Higgs boson production cross sections at the 
LHC satisfy a simple relation at high energy because these quantities are determined by 
the same dimension-six derivative coupling of the effective Lagrangian. This formulation 
was further investigated in details in Ref. [5]. 

In this paper, we generalize the SILH model to the model including N Higgs doublets. 
It is found that the number of independent dimension-six derivative interactions is strongly 
constrained by requiring that Higgs fields are generated as PNGBs of some global symmetry 
breaking. We derive the scattering amplitudes and cross sections of the longitudinal gauge 
bosons and the Higgs bosons at high energy for the two Higgs doublet model (2HDM). 
These scattering amplitudes are controlled by the dimension-six derivative interactions, 
and therefore study of these cross sections at the LHC and future Linear Colliders (LC) is 
important to identify this model experimentally. 

This paper is organized as follows: In Sec. 2, we review the SILH model. In Sec. 3, 
we discuss the extension of the framework to the N Higgs doublet model (NHDM). Then 
we study phenomenological features of the 2HDM in Sec. 4. Section 5 is conclusion of our 
results. 

2 A brief review of the strongly interacting light Higgs model 

We briefly review the SILH model investigated in Ref. [2, 5]. 

In order to study scatterings of the longitudinal modes and the Higgs boson, we focus 
on dimension-six derivative interactions. The Lagrangian of the derivative interactions 
invariant under the SU{2)l x U{1)y symmetry is given by 



where A^, A*^', A^ and A^"'" are real coefficients, H is an SU{2)l doublet and d pH = 
H\dpH) - {dpH)^H. We have introduced A as an appropriate cutoff scale. In this paper. 




H 



—dp{H^H)d^\H^H) + j^H^H{d^H^){dpH) 
+ —{H^ d pH){H^ d ^H) + i—-dp{H^H){H^ d ^H) 



(2.1) 



(2.2) 
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the SM gauge symmetry, SU{2)i x C/(l)y, is treated as if it is global symmetry since 
we focus only scalar four point interactions with two derivatives. Full gauge invariant 
Lagrangian can be recovered by replacing a partial derivative with the covariant derivative. 
We study the effects of these derivative interactions with the requirement that the Higgs 
doublet is considered as a pseudo Nambu-Goldstone (NG) field. 

In composite Higgs theories, the nonlinear realization [6] generates the derivative in- 
teractions like Eq. (2.2). For a nonlinear a model (NLSM) where a global symmetry is 
broken from G to H, the Lagrangian of NG fields is constructed with fields parametrizing 
the degenerate vacua of the quotient manifold G/H: 

^ = gin{x)//^ n(x) = (2.3) 

where the fields 11" (x) represent the NG fields and {^"} are generators of the broken 
symmetry G/H. Generators of the unbroken symmetry are denoted by {T*}. Commutation 
relations among these generators are 

[T\T^] = ip^^T^, [T^X"] = if [X^ X^] = if'^^T + iP^^X^. (2.4) 

If the second term of the right hand side vanishes for the third commutator (/"'"^ = 0), 
G/H is called symmetric space. In order to construct the nonlinear realization, the Maurer- 
Cartan one form, a^(n), is a fundamental constituent: 

a^(n) = -ir'(n)a^e(n) (2.5) 
=)d,'^ - ^[n,5,n] - ^ [n, [n,9^n]] + o ((n//)^) (2.6) 
=al^(n)x'^ + ai|^(n)r (2.7) 

=a^^ + a\\^. (2.8) 

Under a transformation (7 (g G), we obtain 

ax^(n) ^ ax^(n') = /i(n, g) a^^iU) h-\li, g), (2.9) 
a||^(n) ^aii^(n') = h{U,g)a^^iU) h-\U,g) - ih{U, g)d^h-\U, g), (2.10) 

where h £ H. Using Eqs. (2.4) and (2.9), it is straightforward to calculate a_L^: 

a±M(n) =y5^n - ^[u,d,u]x - ^ [n, [u,d^n]]^ + o ((n//)^) 

=x- (^jd^.u'^ + ^r'^'n^u^ + + r''r^')u''u^d^u^^ + o ((n//)^) 

(2.11) 

where is the projection of the commutator into the broken generator. Then the 

G-invariant two-derivative term of the NG fields is given by 

- (^r"/'"' + i^r^f""^ n'^n^(a^n^)(5^n'^) + o {{n/ff) . 

(2.12) 
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The normalizations of generators are given by Tr[r*T-'] = 6''^ and Tr[X''X''] = 6°-^. 

We assume that the 50(4) multiplet, /i" (a € {1, ...,4}), is embedded in the NG fields, 
n". This multiplet corresponds to the SU{2) doublet Higgs field. In this paper, we treat 
the Higgs doublet as a NG field and ignore possible other fields. The second term of 
Eq. (2.12) leads to dimension-six derivative interactions of the Higgs fields. We write the 
derivative interaction as 

1 

P 



£6NL j-^^^^f^a^bQ^f^cQf.^d^ (2.13) 



7^ faci fbdi ^ face fbde fn 1 A\ 

abed = - J ~ '^J J ■ 

24 

Since the structure constant is totally antisymmetric, Z'^" is a 4 x 4 antisymmetric matrix 
for each i. Since the Lagrangian must be the SU{2)l x U{1)y invariant, it is useful to use 
the generators of SO{A) ~ SU{2)l x SU{2)pi as a complete set of antisymmetric matrices. 
Our definitions of the generators, T^" and T^^ (a, /3 G {1, 2, 3}), are listed in Appendix A. 
In particular, the hyper charge generator corresponds to T^^ . 
We parametrize the SU (2) l Higgs doublet as 

In order to see the property of the 5C/(2)/j symmetry, it is useful to use the bidoublet 
notation: 

^ = {ia'^H*H) (2.16) 

(l2 + i{a^h^ + a^h^ - a^h^)) , (2.17) 

v2 

where I2 is the 2x2 unit matrix. With the bidoublet, 50(4) transformation for /i" is 
represented as 

$ L<^R\ (2.18) 

where L S SU{2)l and R G SU (2)/j. We can show the following relations to connect the 
50(4) multiplet with the bidoublet: 



\ J ac 4 L 



(2.19) 
(2.20) 



f^a fj.Rp\ Q^^C n^^ Q 

\ J ac 4 L 

Hence, the following form of Tabcd is invariant under the SU{2)l x U{1)y symmetry: 

Tabcd = a' {T'^ac ^d + «^ {t'')^^ {t^')^^ + «^ {T^')ae (T'') bd ' (2-21) 

With the explicit representation given in Appendix A, the tensor, Tbed, can be written as 



a'^+a^. ab^cd xa.dxbc\ , o/^-O^ 
labed = [0 -0 )H eabed 



l^(5l«52c _ ^\e^2a ^ ^3a^4c _ ^3c^4a) (^16^2d _ ^\d^2b ^ g3b^4d _ s3dg4by (2.22) 
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According to Eq. (2.13), the second term of the above equation does not contribute to 
the Lagrangian due to the Bose symmetry. This means that degree of freedom (DOF) is 
decreased by the NLSM structure. After expanding it in terms of O^, O*", and O^^, 
the following Lagrangian is obtained: 

(2.23) 

In the SILH model, the number of independent coefficients is two while there are four DOF 
in the Lagrangian preserving only the SU{2)l x U{1)y symmetry. 

In the rest of this section, the scattering amplitudes of the longitudinal gauge bosons 
and the Higgs boson are studied as phenomenological consequences of the Lagrangian. The 
given Lagrangian (2.23) can be simplified with the field redefinition: 

H" ^ H" + -^H^iH^H). (2.24) 

To study the scatterings of gauge boson longitudinal modes, it is enough to see the effect 
of the redefinition in the kinetic term: 

{d^H)\d^H) ^ {d^H)\d^H) + j^d^iH^H)d''iH^H) + '^H^H{d^H^){d^H) + O {{H/ff) . 

(2.25) 

This indicates that we can always choose the coefficient, a, so as to eliminate . The 
Yukawa interaction and the Higgs potential are also changed by the redefinition. How- 
ever, these 0{v^/f^) corrections can be neglected in leading contributions of the derivative 
interactions. After the redefinition, the Lagrangian becomes 



-6NL _ 3( a^ + g^) 

4/2 ^ +4/2 



= ^ : — + —O' . (2.26) 



The term breaks the custodial symmetry so that the coefficient is severely con- 
strained by electroweak precision measurements. The term affects high energy be- 
havior in the scattering amplitudes of the longitudinal modes and the Higgs boson. If we 
keep only O^, using the equivalence theorem [7], these amplitudes in high energy region 
(s, t,u ^ m^, m^, and s + t + u = 0) are given as follows: 



M{WtWE ^ W^WE) =^^|^(a^ + a«), (2.27) 

3s 



M{W+W^ ^ ZlZl) =M{W+W^ ^ hh) = ^(a^ + a^), (2.28) 

M{W^Wl ZlH) =0. (2.29) 

In the SILH model, the amplitudes increase as E"^ in high energy region whereas such 
behavior does not appear in the SM case (/ — )• oo). The amplitudes are supposed to grow 
up to the scale, mp, where new resonances are produced. It is, therefore, important to 
precisely measure vector boson fusion processes in high energy region and see correlations 
among them at the LHC and LC. Studies of the scatterings at the LHC are done in 
Refs. [8~10]. Above the scale mp, we need to include the effects of heavy resonances, see, 
e.g. [11]. 
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3 Generalization to Higgs doublet models 



In this section, we present the generahzations of the SILH model which includes only one 
Higgs doublet to the case with N Higgs doublets. 

The SU{2)l x U{1)y invariant Lagrangian for dimension-six derivative interactions 
consists of four kinds of operators: 

: Of^,, = d,iHjHj)d^{HlHO, (3.1) 

: 05,, = {Hj'^,H,){Hl'^>^Hi), (3.2) 

: Or^.,, = HjH,id^Hk)\d^Hi), (3.3) 

: 0,f,^ = d,{HlH^){Hl'^^Hi), (3.4) 

where j, k, I G {1, A^} stand for the species of Higgs doublets. 

In order to study how the nonlinear nature of the Higgs sector reduces the number of 
independent coefficients, we classify above operators into the following five types: 

Type I: All species are same (e.g. df^{Hj Hi)d^^ {Hj Hi)) . 

Type II: Only one species is different from the others (e.g. dfj_{Hj Hi)d^{Hj Hj)). 
Type III: Two pairs of different species appear (e.g. d^{HjHi)df^{HjHj)). 

Type IV: Three species are included (e.g. df^{HjHi)d'^{HjHk)). 

Type V: All species are deferent (e.g. df,{Hj Hj)dt'{HlHi)). 

On the other hand, dimension-six derivative interactions of the NG fields are written 
as Eq. (2.12). In this section, we regard the NG fields, H", as not an 5*0(4) multiplet but 
an 50(4A^) multiplet, h°- (a G {1, ...,4A^}), and possible other NG fields are neglected. In 
this case, the structure constant, f"''^^, in Eq. (2.14) is considered as 4A^x4A^ antisymmetric 
matrices for given i. Namely it can be expressed using generators of the S'0(4A^). The 
multiplet corresponds to A^ species of Higgs doublets: 



_^ //ii+4(.-i)+i;,2+4(^-i)\ 



where i {i = 1, A^) is also the index of the Higgs species. 

To see how the SU{2)l x U{1)y symmetry is imposed on the theory, it is convenient 
to use the bidoublet notation like Eq. (2.16). In the case of A^ = 1, generators which 
correspond to SU{2)l, T^°^, and SU (2)/j, T^'^, can be used as generators of the 5*0(4). See 
Eqs. (2.19) and (2.20). They are the (3, 1) and (1, 3) representations of SU{2)lX SU{2)r. 
In the case of A" > 2, other kind of generator appears, namely, the (1, 1) and (3, 3) 
representations of the SU{2)l x SU{2)ji written as U and S"'^ , respectively. Explicit 
forms of them are shown in Appendix A. With the generators, the following relations are 
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obtained between the multiplet of the SO (AN) and the bidoublet: 



La ( rpLa 



( sf.. 



4 



Tr 
Tr 



(3.6) 
(3.7) 
(3.8) 
(3.9) 
(3.10) 
(3.11) 



where 



The SU{2)l x SU{2)pi transformation is defined by 



(3.12) 



(3.13) 



If the Higgs sector is invariant under the transformation (3.13), it preserves the 50(4) 
symmetry which is directly connected with the custodial symmetry. We simply refer the 
SO(4) invariance as the custodial invariance. For details of the bidoublet notation. See 
Appendix B. 

The SU{2)l x U (l)y invariant forms can be constructed in two ways. One is to contract 
the indices of SU{2)l or 5f7(2)/j, which gives 50(4) invariant terms. The other is to keep 
only fj'^ term of T^^ , which corresponds to (5*0(4) breaking terms^. 

In the following subsections, we show that the number of independent derivative in- 
teractions needed to describe Higgs doublets in the NLSM is reduced compared to that 
of all operators invariant under SU{2)l x U{1)y- 

3.1 Type I 

The Lagrangian for type I can be constructed in the same way as the SILH model reviewed 
in the previous section. In order to show our notation for the NHDM, we rewrite several 
equations. 

The Lagrangian of derivative interactions invariant under SU{2)l x U (l)y is 



A, 



H 



2A2 



\r yi \t 

OH _|_ _mi /or _, '^iiii ryT , ■ '^iiii fiHT 
7777 I 4 o ^--^nn I ^ * O ^""^ ttf) I t r\ r) , 



A2 



2A2 



A2 



(3.14) 



where all of the coefficients, A''^, A^, A^ and A^^, are real so that there are 3A real and N 
imaginary DOF in the general NHDM. 



^ There is a special case where the 5*0(4) invariance is preserved with combination of T^^ terms. See 
Sec. 4.2. 
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For the case of the NLSM, as is given in Eq. (2.13), the Lagrangian corresponding to 
the above can be parametrized as 

^r^^ =j2TLdh''h\d,h'^){d^h''), (3.15) 



where 

(3.16) 

The coefficients, a^^j, a^- and a^^j are real. Substituting Eq. (3.16) into Eq. (3.15), the 
fohowing Lagrangian is obtained: 

Ji Ji J2 

+ ^iiii' (3.18) 

4l =«^n- (3-19) 

Note that the factor of 2 in Eq. (3.16) is introduced; this is different from Eq. (2.21). 

In NHDM, there are 3A^ real and N imaginary DOF. However, assuming the Higgs 
doublets are embedded in the NLSM, 2N real DOF remain (Table 1). For example, in the 
case of = 1, three real and one imaginary DOF decrease to two real DOF. It is consistent 
with the result in the previous section. 





Re Im 


General 


3iV N 




N 




N 




N 


qHT 


N 


Nonlinear 


2N 



Table 1. The number of the independent dimension-six derivative interactions for type I. The 
first and second columns mean real and imaginary DOF, respectively. We show the number of DOF 
for the case where SU{2)l x U{1)y invariance is imposed (General) and the case with nonlinear 
realization (Nonlinear). In the case of General, the DOF of each type of operators is also shown. 



3.2 Type II 

For type II, the Lagrangian of the dimension-six derivative interactions is 
\H \r \r \T \HT \HT 

■'^'II ^2 iiij ^2 iiij ' ^2 ijH ' ^2 iiij ^2 iiij J^2 ijH ' ^-^^ 



(3.20) 
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All of the coefficients can be complex so that there are 6N{N — 1) real and imaginary DOF, 
respectively. 

Assuming the Higgs doublets are described as the NG fields, the Lagrangian can be 
written as 

^i^ =^TS,cdh''h\d,h^){d^h% (3.2f) 
where, using real coefficients. 

The Lagrangian, /2j^^, can be expanded in terms of the SU(i)j^ doublets, Hi. The 
normalization of the coefficients are chosen to make the following coefficients simple: 

III III III 112 

II j2 iiij j2 ijii ' J2 iiij ' : [O.^Oj 



'^[ij] ~^ '^iiij "^^iiij^ (3.24) 

'^Hi] ~ ^'^uFj ■ (3.25) 



The original Lagrangian, has 6N[N — 1) real and imaginary DOF. However, the 
corresponding Lagrangian consists of 2N{N — 1) real and imaginary DOF, respectively, if 
the Higgs doublets are considered as NG fields (Table 2). 





Re 


Im 




General 


QN{N 


- 1) 6iV(iV 


-1) 




N{N - 


- 1) N{N - 


-1) 




N{N - 


- 1) N{N - 


-1) 


Qr 


2iV(iV 


- 1) 2iV(iV 


-1) 




2Ar(iV 


- 1) 2N{N 


-1) 


Nonlinear 


2iV(iV 


- 1) 2iV(iV 


-1) 



Table 2. The number of the independent dimension-six derivative interaetions for type II. The 
first and second columns mean real and imaginary DOF, respectively. We show the number of DOF 
for the case where SU{2)l x U{1)y invariance is imposed (General) and the case with nonlinear 
realization (Nonlinear) . In the case of General, the DOF of each type of operators is also shown. 



-9- 



3.3 Type III 

The Lagrangian of type III derivative interactions is 

\H \H \H 

III 2A? ^-'-^^ 2A2 

A*^ \^ y \^ 

"T iiji J-?" 

■\T \T \T 

"T 2A2 2A2 ■'^-^ 

\HT \//T \HT \HT 

2A2 "■'■^ 2A2 A2 ^-^^-^ A2 ^-'-^^ ■ l-^-^uj 

In the above operators, Of^jj, ^i^jjv Oiijj-- ^'jjiv Ofijj and Ofj^^, are Hermitian operators 
while O^jj and Oj^^ are skew Hermitian operators. The number of independent real and 
imaginary coefficients are 6N{N — 1) and 4:N{N — 1), respectively. 

If the Higgs doublets are embedded in the NG fields, Lagrangian can be written as 
follows: 

^fri"- =j2^lL h^h\d,h'^){d^h<'). (3.27) 
Parametrization of the tensor, T^^, is 

+ (^S)) (^(t)) + 2«^,, (^m) (^(S)) + (^S)) (^S), 

where the coefficients are real. The derivative interactions embedded in NLSM can be 
written as 

nil 1112 nil 

/^6NL _ fa] qH I [ij] qH [ij] (QT _|_ (Or- \ 

III 2 /2 *W 2/2 W« J2 ~'~ ii"^ 

JII2 III3 JII4 

y2 V ^ JMJ/ 2/2 2/2 

/ III5 III5 III6 \ 

I 4/2 J2 4p I ' 

''fa'] "^^ijij^ (3.30) 

''fa] ~^ ^ijij ~ ^ijij'' (3.31) 

''fa']^ ~ ~ ~'~ ~ ~'~ ~'~ '^^'i' (3.32) 
''fa] ~ ~ '^*j«i ~ ^ijij ^^jjjj ^ijij ^iijj^ (3.33) 

JII5 _ L . R _ S _ SS _ ■ LS (o oA\ 

fa'] ~ ijij^ \'J.<j^j 

JII6 R _ , y _ (7 _ ■ YU /o orx 

fa'] ~ U'*i iijj ^ ijij ijij ijij' 
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Because of the nature of the nonUnear dynamics, the number of independent DOF 
decreases from QN{N — 1) real DOF and AN{N — 1) imaginary DOF to 3N{N — 1) real 
DOF and N{N - 1) imaginary DOF (Table 3). 





Re 




Im 


General 


m{N - 1) 




m{N - 1) 




(3/2)iV(iV - 


1) 


(l/2)iV(iV - 1) 




(3/2)iV(iV - 


1) 


(l/2)iV(iV - 1) 




2iV(iV - 1) 




N{N - 1) 


qHT 


N[N - 1) 




2iV(iV - 1) 


Nonlinear 


3iV(iV - 1) 




N[N - 1) 



Table 3. The number of the independent dimension-six derivative interactions for type III. The 
first and second columns mean real and imaginary DOF, respectively. We show the number of DOF 
for the case where SU{2)l x U{1)y invariance is imposed (General) and the case with nonlinear 
realization (Nonlinear) . In the case of General, the DOF of each type of operators is also shown. 



3.4 Type IV 

The Lagrangian of type IV derivative interactions is 

\H \H 

^6 _ iijk I tjik I ijki 

^IV ^2 iijk ' ^2 ijik ' ^^2 ijki 

yj. yj. -.J, , ^ , j. 

iijk I jkii qt , ijik qt , ikij qt , ijki , kiij 

^2 iijk ' ^2 jkii ' ^2 ijik ' ^2 ikij ' ^2 ijki ' ^2 kiij 

\T \T \T 

iijk^T I ijik I ijki 



' ^2 iijk ' ^ ^ijik ^2 ijki 



\HT \HT \HT \HT \HT \HT 

"^iijk ^HT , ^jkii ^HT , ^ijrfc ^HT , "^ikij ^HT , "^ijki ^HT , ^fcnj ^HT , u 
^2 iijk ' ^2 jkii ' ^2 ijik ' ^2 ikij ' ^2 ijki ' ^2 kiij ' rl-C- , 

(3.36) 

where j < k. Since all of the coefficients can be complex, the Lagrangian has 9N{N — 
1){N — 2) DOF for real and imaginary coefficients, respectively. In the case that the Higgs 
sector is governed by the nonlinear dynamics, the derivative interactions can be written as 
follows: 

^iv"^ =^r2A''h\d,h'^){d^h''), (3.37) 
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where 

TZd =2a^,fc (r(f°))^^ (^S)),, + (^(iJ)),, (^(S)),, + (^(S)),, 



fed 

fed 



(3.38) 



Equation (3.37) can be expanded in terms of the SU{2) doublets: 

IVl IV2 IV3 

•^IV 2 y2 iijk ' 2 y2 ijik ' ^ J2 ijki 

^lyi giy2 giys 

c2 \ iijk ^jkii) f2 \ ijik ^ikij) f2 \ ijki ' ^kiij) 



j2 \ IIJK ' " JKtlJ j2 \ ' IKIJ / J2 

IV4 IV5 „IV6 

2 J2 ^iijk 2/2 ^J*'^ 2p 



~'~ o f2 ^iijk 9 f 2 ^jjjfc ~'~ 9 f2 ^ijfc* ~'~ ' V"^--'^/ 



4^A;] —'^ijik + '^^ifc + + 2a§ffc + ^ { — aij^k + Q^ifcij) ) (3.40) 

JV2 _ L , R _ 5 _ 55 _ ■ ( LS , LS \ (o a-\\ 

[vk] ~"'ijik "T '^iijk "-ijik "-ijik ' {"-ijik "r "'ikij J ) V"-*-^-^; 

JV3 __L _ 

'[jjfc] ~"'iijk "ijifc "ijifc ''"'iijk^ 

JV4 



•^[iifc] —^iijk + ^^ifc ~ "^ffc + ^"-^ifc' (3.42) 

r^V4 ,„L _„R ,„5 , y I frt^-^ _ „i5 , L5 _ Yf/^i 

^[ijA;] ~ ""Mifc ^ "-ijik ^ "'iijk "'ijik ^ "'ijik ^ "'iijk ^ ' \"'iijk "'ijik ^ "'ikij "'iijk) ' 

(3.43) 

'^Vjk] — ~ ^Ujk + ^ijik + '^Tjik ~ O^jik ~ ^ {'^jik + °^kij) ! (3.44) 
'^[ijk] —"'iijk "'ijik "'ijik "'ijik "ijik * l^Mjfc "ijik "ifcij "jii/fc "ikij) ■ V'J-'iOj 

The last Lagrangian has 3iV(iV - 1){N - 2) real and 3N{N - 1){N - 2) imaginary DOF. 
Namely, each DOF is reduced to one third of the original one in the Lagrangian (3.36) 
(Table 4). 
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Re 


Im 




General 


m{N - 1){N - 2) 


9iV(iV - 1){N - 2) 






(3/2)iV(iV - 1){N - 


2) (3/2)iV(iV - 1)(A^ - 


2) 




(3/2)iV(iV - 1){N - 


2) (3/2)iV(iV - 1)(A^ - 


2) 




3N{N - 1){N - 2) 


3N{N - 1){N - 2) 






3iV(iV - 1){N - 2) 


3iV(iV - 1){N - 2) 




Nonlinear 


3N{N - 1){N - 2) 


3N{N - 1){N - 2) 





Table 4. The number of the independent dimension-six derivative interactions for type IV. The 
first and second columns mean real and imaginary DOF, respectively. We show the number of DOF 
for the case where SU{2)l x U{1)y invariance is imposed (General) and the case with nonlinear 
realization (Nonlinear) . In the case of General, the DOF of each type of operators is also shown. 



3.5 Type V 

Type V derivative interactions are described by the Lagrangian below: 

\H \H \H \H \H \H 

ijkl ~^ ijlk ' ^2 ikjl ~^ ^2 iklj ~^ ^2 Hjk ~^ ^ ^ilkj 

ijkl I ijlk , ikjl , iklj , Hjk , Hkj 

~^ \2 ^ijkl "T ^2 ^ijlk ^2 ^ikjl ^2 ^iklj ^2 ^Hjk ^2 ^Hkj 

\^ \^ \^ \^ \^ \^ 

jkil I jkli qt , jUk qt , jlki qt , klij , _klji_Qr 

^ifcii ^2 jkli "I" ^2 jlik "i" ^2 jlki "i" ^2 klij ^2 klji 

\T \T \T \T \T \T 

^ijkl I ijik , ikjl , iklj , Hjk , Hkj 

^2 ^ijkl "T ^2 ^ijik ^2 ^ikjl ^2 ^iklj ^2 ^Ujk ^2 ^Hkj 

\HT \HT \HT \HT \HT \HT 

'\j]±QHT I ijlk ^HT I ikjl ^HT , iklj ^HT , Hjk ^HT , Hkj ^HT 
' ^2 ijkl ' ^2 ijlk ' ^2 ikjl ' ^2 iklj ' ^ ^iljk ~^ ^2 ilkj 

\HT \HT \HT \HT \HT \HT 

^jkil ^HT , jkli ^HT , jUk ^HT , jlki ^HT , klij ^hT , klji ^hT , tt ^ 
T" "^'^jkil "T ~~^'-^jkli "T ~J^'~^jlik "T ~^^'-^jlki "T ~J^^klij "r "^'^klji "r -tl-C- ! 

(3.46) 

where i < j < k < I. The Lagrangian has 3A^(A^ - 1)(7V - 2)(iV - 3) DOF, and real 
(imaginary) DOF is a half of them. Similarly to previous sections, let us study the derivative 
interactions with the constraint of the nonlinear realization: 

^y"- =^Tl,h^h\d,h'^){d^h'), (3.47) 
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where 

6d 



fed 



fed 



+ '^aJjki (^(S))^,^ (^S)),, + 24,7 (^(5))^^ + ^"^'^i'^ (^5o)ac (^(S)/fed 



+ 2aj;^i (^(S))^^ (^(fc:0)fed + 2a*^S (^(S))^, (^(i.o)fed + 2^5 (^(S))^^ i^U,k)) 
+ 2a^- (t^S))^, (^(ij))fe<i + 2ajm (^(».fc))fe<i + "^""Jk^i (^(S))^^ 



fed 
fed 



fed ■ 

(3.48) 

Finally, we obtain the derivative interactions of the Higgs bosons realized as the NG bosons 
below: 

VI V2 V3 V4 V5 V6 

V 2 J2 ijkl ~r ijlk ' 2J2 ikjl ' iklj ' Hjk ' Hkj 

gVl gV2 gV3 



y2 \ i]kl ' ^ knj / j2 ^ i]ik ' ^kl]iJ 

gV4 gV5 gV6 

p y-^iklj + '^jifciJ J2~\'^iljk + '-^jfciiJ J2~\^ilkj + '-^j 



jklij 



V7 V8 V9 VIO Vll V12 

2/^ jjTci «j7A; 2 J2 «fcj7 ~r 2 J2 jfc'j 2 J2 «'j7c "r 2 J2 Hkj 



(3.49) 
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niikl] 


~^i'ljk ~ 


Hiikl] 


~^i'kjl ~ 


„V3 


~^Ujk ~ 


„V4 
C[ijkl] 


=(^ijkl ~ 




=^ikjl ~ 


^V6 


=^ijkl ~ 




= - 4 



,55 



,55 



,L5 



ifcji + '^i/jfc + '^ikjl + '^i/jfc + ^ i'^iljk 



LS \ 
^jkilj 



^Ujk + "-ikjl + '^^j/ + ^iljk + ^ ('^ifcj/ 



^ijkl 

^iljk 
R 

hjkl 

R 
'•ikjl 



(^iljk + (^ifkl 
„5 , „55 



55 



"'jlikj 
LS , LS 



y^iljk + '^jkil) 
LS 



'^klij) 



'^ikjl 
"-ijkl 



55 
55 



55 
"-ikjl 

55 



1 '^ifcj7 + '^jlik 



LS \ 
:) 

^^ijkl + ^klij) 



L R 
+ ('■iljk + ('■ijkl 



R Y 
O'ikjl + '^ijkl 



-,LS 
''ikjl 

ijkl 



-.SS 



'^ijkl + '^ijkl + '^iljk + "-ij-fci 



^ikjl + "-iij-fc 



(3.50) 

(3.51) 
(3.52) 
(3.53) 
(3.54) 

(3.55) 

,55 



+ i 



~0-ijkl 



YU 



LS 



LS 



LS 



O'kUj + O'ijkl + O'iljk + flfciij 



„V8 
%jkl\ 



„V9 



vio 



„vii 



V12 



.R 



,L5 ^ 

'jkilj ) 
5 



(3.56) 



-.SS 



,55 



"■ij-fci + O-ikjl 



55 



+ i 



L5 
"'ijkl 



LS 



LS 



'^ikjl + '^klij 



O'ikjl + ^iijfc 



Oijfci + Oifcji + O'ikjl 



"jlikj ' 
U 5 



C'iljk 



+ i 



Hjkl 



"-ikjl 

L Ft 
' '^ikjl + '^ikjl 



^lik + Kkjl 



-^LS 
Hkj 



,L5 
Y 



'^iijk + Ojiifc 



'^i/jfc + ^ikjl + '^ifej/ 



■ / YU 



n^U . LS 
C'jlik + C'ijkl 



C'ikjl 



LS 
jli 

U 
i 

LS 



LS 
O'jkil 

-a' 



til) 1 



(3.57) 

O'ijkl + O'ikjl ~ O'iljk 

(3.58) 



ijkl 



"-ikjl + "-ifkl 



"-ikjl + "-iljk 



-"-ikjl 

+ ^( 

-(''ijkl 



a. 



+ ^ a. 



iljk 
"'iljk 

' ('iljk 
YU 



C'ijkl + C-iljk + C'Yljk 



O'khj 
,U 



,L5 



a. 



LS 
Hkj 



('ikjl + Ciljk 



'iljl 
Y 



iljk 
LS 



Cjkil 

C'ikjl + C'iljk + ((ajk + ((Ujk 



L5 ^ 
il) > 



'^Oij/ + '^^jfc + C-ijkl 



cfkjl + '^^ffc 



Cjiik + Ojfci/ 



C'iljk 



-.SS 



-.SS 



C'ijkl + C-ikjl 



SS 
C'iljk 



iljk C'jkil "ijkl "iljk 



YU 



LS 



a. 



LS 



-,LS 

''klij 



^jkil 



(3.59) 
(3.60) 
(3.61) 



There are (l/2)iV(iV - 1){N - 2){N - 3) real DOF, and the imaginary DOF is the same 
as the real one. The DOF becomes one third of original one in either case (Table 5). 





Re 






Im 








General 


(3/2)iV(iV- 


1){N 


-2){N 


-3) (3/2)iV(iV- 


l)(iV 


-2)iN 


-3) 




(l/4)iV(iV - 


1){N 


-2){N 


-3) (l/4)Ar(iV- 


l)(iV 


-2){N 


-3) 




(l/4)iV(iV - 


1){N 


-2){N 


-3) {1/A)N{N - 


1){N 


-2){N 


-3) 




(l/2)iV(iV - 


1){N 


-2){N 


-3) {1/2)N{N - 


1){N 


-2){N 


-3) 




(l/2)iV(iV - 


1){N 


-2){N 


-3) (l/2)A^(iV- 


1){N 


-2){N 


-3) 


Nonlinear 


(l/2)iV(iV - 


1){N 


-2){N 


-3) (l/2)iV(iV- 


1){N 


-2){N 


-3) 



Table 5. The number of the independent dimension-six derivative interactions for type V. The 
first and second columns mean real and imaginary DOF, respectively. We show the number of DOF 
for the case where SU{2)l x U(X)y invariance is imposed (General) and the case with nonlinear 
realization (Nonlinear) . In the case of General, the DOF of each type of operators is also shown. 

As a conclusion of this section, we discuss the number of independent derivative in- 
teractions in the case of the NHDM. Summing up the DOF given by this section, there 
are (1/2)A^^(A^^ + 3) real and (1/2)A^^(A^^ — 1) imaginary DOF for models where Higgs 
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doublets are generated by nonlinear dynamics, while general NHDM have (3/2)A^^(A^^ + 1) 
real and (1/2)A^^(3A^^ — 1) imaginary coefficients (Table 6). If iV is large enough, the DOF 
is about one third compared with the original one. 





Re 




Im 


General 


(3/2)Af2(iV2 


+ 1) 


(l/2)iV2(3iV2 - 1) 


Nonlinear 


(l/2)Af2(iV2 


+ 3) 


(l/2)iV2(Ar2 _ 1) 



Table 6. The number of the independent dimension-six derivative operators for NHDMs. The 
first and second columns mean real and imaginary DOF, respectively. The first and second raws 
correspond to the models imposing only SU{2)l x U{1)y and nonlinear dynamics, respectively. 

4 Application to two Higgs doublet models 

In the previous section, we have derived the general expression of the dimension-six deriva- 
tive interactions for the NHDM, assuming the Higgs bosons as PNGBs. Its phenomeno- 
logical consequences are studied for the 2HDM in this section as an explicit example. 
Many models which include the two Higgs doublets as NG fields are proposed [12, 13]. In 
particular, SO{A) invariant dimension-six derivative interactions are examined in Ref. [13]. 

We discuss the scalar four point interactions with two derivatives, O^, O"^ and O^' . 
The operator, O^"^ , does not appear in the case of the nonlinear dynamics. Since the 
Higgs doublets include the longitudinal modes of the gauge bosons and the physical Higgs 
bosons, the interactions contribute to the vector boson fusion processes in high energy 
region. As we show in the following, the rising behavior of the amplitudes is determined 
by these derivative operators in high energy region if we neglect 0{v'^/ f'^) corrections from 
the EWSB. 

Finally, cross sections of vector boson fusion processes are presented in the case where 
the custodial symmetry is imposed. We show that a relation between cross sections of 
W^W£ — )• W^W£ and W^W£ — ^ hh in the SILH is violated by additional parameters. 
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4.1 Dimension-six derivative interactions 

The derivative interactions on the 2HDM governed by nonhnear dynamics can be written 
using interactions of type I, II and III: 

-T-afecd „L / rpLa \ ( rpLa \ , r, L ( rpLa \ ( rpLa \ , '^„L ( rpLa \ ( rpLa 

/2HDM - «1111 ^^(l,l)j,^ + ^«1112 ^^(l,2)j,, + ^«1122 l^(2,2)y,^ 

+ ^212 (^fe)^^ (^fe),, + 2«2221 (^(2^2))^^ (^S)),, + «2222 (^fe)^^ (^fe,,. 



Ra 
(2,2) 



_L ( rpRo: \ ( rpRa \ , n R / rpRa \ ( rpRa \ , R ( rpRa \ ( rpRa 

+ 01212 I ^(1,2) 1^(1,2) ),, + ^«2221 I ^(2,2) 1^(2,1) j,^ + "2222 I ^(2,2) 1^(2,2) 



fed 

+ «f212 ('^fe)),, + «m2 ('^a'^))^^ + ^"ll'^l^ (^(M))^^ ('^fey 



+ «1212 (^(1°2) J,^ + 2«2221 (^(2"2) j^^ Vi^^^))M ^ V^^^^Vac V^^'^h M 



R3 
2) 



+ 4a^212 (^(2,2) ) (^a,2) ) + 2^2222 ['^(2% ) (^(fll) ) + «1212 (^^{1,2))^^ (^(1,2)) 



bd 

(2,2) ; (1,2) ; ^ ^"2222 (2,2) ^ (2,2) J ^ "1212 1^(1,2); 1^(1,2); M 

+ 4ariY2 (tS))^^ (^(1,2)),, + ar2Y2 (Tg))^^ (f^(i,2)),, + ^4ii2 (rg))^^ (^(1,2)),, • 

(4.1) 

In the foUowing, we assume that the Lagrangian possesses the custodial invariance which 
automatically ensures the CP invariance [14]2. From the phenomenological standpoint, 
the custodial symmetry breaking terms are severely constrained. For the case with custo- 
dial symmetry violating terms, see Appendix C. The SO {4) invariance is achieved by the 
following conditions: 

a 
a 
a 



YU 
■1112 


= 0, 


"1212 


= 0, 


'^2212 


= 0, 




(4.2) 


LS 
1112 


= 0, 


"1212 


= 0, 


^22^2 


= 0, 




(4.3) 


Y 

'1111 


= 0, 


Y 
"^1112 


= 0, 


Y 
Q'2212 


= 0, 


^2222 — 0) 


(4.4) 


S 

'1212 


Y 

— ^^1212 — 


"1122 
2 








(4.5) 



Note that there exists a nontrivial realization of the 50(4) invariance even if each term 
corresponding to the coefficient appearing in Eq. (4.5) violates the 50(4) symmetry. 

In terms of the SU{2)l doublet, since C can be eliminated by the field redefinition 



^ In Ref. [14], it is pointed out the custodial symmetry of the Higgs potential is violated by the imaginary 
part of HjHj. Since the symmetry in the derivative interactions is violated by the imaginary part of HjdHj, 
their discussion can be applied to this case by the replacement of dHk with Hi {k I). 



-17- 



(see Appendix D), we obtain the following Lagrangian: 



''-2HDM 



2f' 



1111 



+ 



fO 'v'^1112 + '-^112lJ + t2 "^11 



1122 



+ 



(Of212+0: 



'^1212 
2/2 

T T 
Cll22/-)T I '^1221 r^T 
1 99 "I ITT^'-^ 



_|_ ^^1221 



1221 



H \ , "-2221 
212lj "T 



2/2 



2222 



+ 



1221 



+ 



^^1212 trvT I 
2/2 



V*^1212 "-^2121^ 



' p ^VVll ' p 

The relations between the above coefficients and the ones in Eq. (4.1) are 



(4.6) 

(4.7) 
(4.8) 
(4.9) 
(4.10) 
(4.11) 
(4.12) 
(4.13) 
(4.14) 
(4.15) 
(4.16) 

The other coefficients vanish. In the above equations, the following relations are obtained: 

1 



Cllll 


3 
~2 


k '3^1111 


+ afiii), 


•^1112 


3 
~2 


!!"lll2 


+ '^1112)' 


C1122 


3 
~2 


k"l212 


+ '^f212 + Q'f212 + 2am2)5 


C122I 


3 
~2 


k"n22 


+ '^f212 ~ 0.f|[2)) 


C1212 


3 

~2 


l!"l'212 


+ '^1122 ~ Q'f212 ~ Q'm2)) 


C222I 


3 

~2 


,<^2221 


+ <^222l)) 


C2222 


3 
~2 


k"2222 


+ '^2222 ) ) 


'-1122 


1 

~2 


[ '^1122 + ^1212 + ofl22 "1212 


C122I 


1 

~2 


k~'^1212 + On22 + Q'1212)) 


C1212 


1 

~2 


k"l212 


~ '^1122 + Q'f212 ~ Q'1212)- 



"1212); 



-1122 



-1221 



+ c- 



T 

1212 



-Xc 



H 

1221 



-1212 



)• 



(4.17) 



Therefore, the Lagrangian discussed here has eight real DOF. This is equivalent to a result 
in Ref. [13]. On the other hand, using equations in Table 6, the general 2HDM realized by 
nonlinear dynamics without the (5*0(4) symmetry has 14 real and six imaginary DOF. For 
the following discussions, we eliminate c]"]^22 ^"^^ '^1212 using Eq. (4.17). 

We first discuss the kinetic term mixing induced by the dimension-six derivative in- 
teractions and show that this mixing can be neglected in deriving leading behavior of the 
scattering amplitudes at high energy. 

After the EWSB, the kinetic term mixing appears in the Lagrangian for neutral Higgs 
bosons at 0{v'^ / p). Since we assume the CP invariance, the mixing appears for the CP 
even and odd sector separately. We show the prescription for the mixing with the CP even 
sector as an example. The kinetic term and the mass term of the CP even sector after the 
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EWSB can be written as 

Ck =\ {O^hl 8^Kl) iM + C.) g;;^ - 1 [hi hi) M , (4.18) 

where h? = f cos/3 + /iq, hJ = v sin f3 + /iq and the matrix Ck stands for the 0{v'^ / f"^) 
corrections. The mass matrix, M, includes the effects from dimension-six Higgs potentials. 
The following matrices are introduced to make the kinetic term to be the canonical form: 

\-smecose)' \ i/VT+^yl' ^ ' 

such that, 

Mass eigenstates of the CP even Higgs bosons, h and H {nifi < itih), can be written as 

=UV^K-W ( y\ , (4.21) 




where U diagonalizes the mass matrix, V^KVMV'fKV, in the basis giving the canonical 
kinetic term. Using the mixing angle a which diagonalizes the mass matrix M in Eq. (4.18), 
we can write 

^^/cosa sinaV (^22) 
\ — sin a cos a I 

V^KV=l2 + K^, (4.23) 

where and K^^ are 0{v'^/f'^) corrections given by the kinetic mixing. When we neglect 
0{v'^ / f"^) corrections, the mass eigenstates for the CP even sector are given as follows'^ : 



cos a sm a 
— sin a cos a 




(4.24) 



As we mentioned, the dimension-six derivative interactions, Eq. (4.6), give the leading 
behavior of E'^ / f"^, and the kinetic mixing only induces the correction of 0{v'^ / f"^). 

Mass eigenstates of the CP odd sector, C^ and A, can be obtained similarly to the 
CP even sector by replacing a with (3 for the diagonalization matrix at the leading order: 




cos /5 sin 13 
— sin (3 cos (3 




(4.25) 



where C^ is the longitudinal mode of Z boson and A is the CP odd Higgs boson. The 
matrix also gives us the mass eigenstates in the charged Higgs sector even if we take the 
0{v'^ / f"^) corrections into consideration because the dimension-six derivative interactions 
never contribute to the kinetic term of the charged Higgs sector after the field redefinition. 



^This is a different notation from Ref. [15] in whicti CP-even mass eigenstates are defined as H = 
cos ahQ + sin a hjj and h — — sin a /ig + cos a /iq . 



-19- 



4.2 Scattering amplitudes of the longitudinal modes and the Higgs bosons 

We derive the scattering amplitudes of the longitudinal modes and the Higgs bosons from 
dimension-six two-derivative interactions in the 2HDM governed by nonlinear dynamics 
with the custodial symmetry. Other contributions are neglected since they are subleading 
corrections in high energy region. To study the influence on vector boson fusion processes, 
we consider the case that the initial states consist of longitudinal modes of the SM gauge 
bosons, and Z^. 

The amplitudes shown below are given in terms of the Mandelstam variables. For a 
process, V1V2 — )• ^1^21 the variables are defined as, 

s={Pi+P2? = {qi+q2?, (4.26) 
t={qi-Pif = {Q2-P2f, (4.27) 
u={Q2-Pif = {qi-P2f, (4.28) 

where p^, P2, Qi and qf^ are momenta of the particles Vi, V2, Xi and X2, respectively. 
Since amplitudes are considered in the energy region which is much higher than the mass 
scale of the physical Higgs bosons, we show the results in terms of s and t using a relation, 
s -\- 1 + u = 0. The results of this subsection are based on the custodial invariance. In 
Appendix C, we also calculate scattering amplitudes including terms violating the custodial 
symmetry. 

Firstly, amplitudes producing the SM particles, W^, Zl and h, are presented. These 
processes also appear in the SILH model. In the following amplitudes, coefficients are given 
in Eq. (4.6). For notational simplicity, we define Cx = cosx, Sx = sinx. The amplitudes 
are given by 







(4.29) 


M{WlW£ ^ hh\^,. 


=-^^2(0,/?), 


(4.30) 


M{W+W£ ^ ZiZLUst 


=-^Ci(/3), 


(4.31) 


M{W+W£ ^ hZL)cnst 


=0, 


(4.32) 


M{ZlZl ^ W+W£)cust = 


--j2cm. 


(4.33) 


M{ZlZl /l/l)cust = 


=j^C2ia,(3), 


(4.34) 


M{ZlZl ^ ZLZL)cnst -- 


=0, 


(4.35) 


MiZLZL^hZL)cust-- 


=0, 


(4.36) 


M{W+Zl ^ W+h),^,t 


=0, 


(4.37) 


M{W+Zl ^ W+ZL)cnst 


—cm, 


(4.38) 






(4.39) 
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where 



cm 



1 



(3 + 4c2/3 + C4/3)cfin + 4(2s2/3 + S4/3)c; 
+ 2(1 — C4i3){Cii22 + C;^221 + ^1212) 



.H 

-1112 



8 



C2(a,/3) 



8 



1 




^1111 



(4.40) 



+ 4(s2/3 + (s2/3 + S4/3)c2(„_/3) + (c2/3 + C4/3)s2(a-/3) )Ciii2 

+ 2(2 - (1 + C4/3)c2(a_/3) + •S4/3S2(a-/3))Cn22 

+ 2((1 - C4/3)c2(c,_;3) + S4/3S2(Q-/3))(Cmi + cSl2) 

+ 4(s2/3 + (s2/3 - S4/3)c2{q_/3) + (c2/3 - C4/3)s2(a-/3))c|^21 

+ (2(1 - C2/3) + (1 - 2c2/3 + C4/3)c2(o-/3) + (2^2/3 - S4/3)s2(a-/3) )ci22 ) ■ (4-41) 



In the above expressions, we can see that five amplitudes, Eqs. (4.29), (4.31), (4.33), (4.38) 
and (4.39), are determined by Ci(/3), and two amplitudes, Eqs. (4.30) and (4.34), are 
determined by 6*2(0, /3). Among them, amphtudes in Eqs. (4.29) and (4.39) (Eqs. (4.31), 
(4.33) and (4.38)) are related by the crossing symmetry. If the custodial symmetry is 
broken, the amphtudes of W^W£ W^W£, W^W^ W^W^ and ZlZl hh have 
(F dependence as shown in Appendix C. Amplitudes in Eqs. (4.32) and (4.37) are also 
connected through the crossing symmetry. In particular, these amplitudes vanish when we 
require the custodial invariance. 

We expand the coefficient 6*2(0, /3) with a — j3: 

C2{a,p) =Ci(/3) 

+ 2(a - l3){-{2s2f5 + S4/3)cnii + 4(c2/3 + C4/3)cfn2 

+ 2S4^(cfi22 + Cmi + cf^l2) + 4(c2/3 - £4/3)0^^21 + (2s2/3 " •S4/3)c|^22 J 



In the SILH model, there is a simple relation among the amplitudes, Wf^W^ — )• Wf^W^ , 
W^WJ^ ZlZl and W^Wj; hh, as shown in Eqs. (2.27) and (2.28). Such a relation 
is violated in the 2HDM because the process, W^W£ — hh, depends on the parameter a 
as well. However, if the decoupling limit, a — /3 = 0^, is imposed, the relation is recovered. 
In other words, even if we observe the scatterings including only the SM particles in the 
high energy region, the SILH model can be discriminated from the models involving several 
Higgs doublets. 

Secondly, we show amplitudes including one heavy Higgs boson, H^, H or A, in the 
final states. If they are heavier than the SM ones, then the following behavior can be 
derived in the energy region much higher than the mass scale of heavy Higgs bosons. The 
amplitudes are given by 

*Note that the decouphng hmit in our notation, a — j3 = e (e — >■ 0), corresponds to a — fi = — 7r/2 + e (e — >■ 
0) in another notation [16]. 



+ 0{{a-pf) 



(4.42) 
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where 



MiW+Wj: ^ M/+/f-)cust =^Cm, (4.43) 
M{W+WJ: ^hH\^,,=^Ci{a,P), (4.44) 



^^(W^/^L ^ ^^)cust = - ^^y^S,-/3(cf221 - Cf212), (4-45) 



^ ^L^)cust =0, (4.46) 

7^ 



M{W+WJ^ ^ ^L^)cust =72C3(/?), (4.47) 



M{ZlZl ^ T^/^-)cust =-^C3(/3), (4.48) 

M{ZlZl ^ /ii/)cust =j^Ci{a,/3), (4.49) 

7W(ZiZL^/i^)cust=0, (4.50) 

A^(ZiZi ^ Zii?)eust =0, (4.51) 

M{ZlZl ^ ZLA)cust =0, (4.52) 



(^1221 cf^i2) ) (4.53) 

(4.54) 
(4.55) 

(4.56) 
(4.57) 



M{W+Zl 




.s + 2t 

- ^ 3^2 


M{W+Zl- 




=0, 


M{W+Zl - 


Ty^^)cust 


=-^^^3(/3), 


M{W+Zl - 


> ZL)cust 


=;^C'3(/3), 






= -^C'3(/3), 



C3(/3) (-(2S2/3 + S4/3)Cnii + 4(c2/3 + C4/3)cfn2 



+ 2S4^(C]^;^22 + ^1221 + C1212) 

+ 4(c2/3 - C4/3)c|^21 + (2S2/3 " S4/3)c|^22) ) (4-58) 
Ciia, 13) =^ (^-((2s2/3 + S4/3)c2(a_^) + (1 + 2c2/3 + C4/3)s2(a-/3) )Cnil 
+ 4((c2/3 + C4/3)c2(„_/3) - (s2/3 + S4/3)s2(a-/3) )Cni2 
+ 2(s4/3C2(o_/3) + (1 + C4/3)s2(a-/3))Cn22 
+ 2(s4^C2(„_/3) - (1 - C4/3)s2(a-/3))(cf^21 + cf^l2) 
+ 4((c2/3 - C4/3)c2(„_/3) - (s2/3 - S4/3)s2{a-/3) )c|^21 

+ ((2S2/3 - S4/3)c2(a-/3) " (1 " 2C2/3 + C4/3)s2(«-/3) )c|^22 ) • (4-59) 
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As seen from above, Eqs. (4.43), (4.47), (4.48), (4.55), (4.56) and (4.57), are expressed by 
a common constant, C^^f]), and Eqs. (4.44) and (4.49) are expressed by C4(a, /?). Among 
them, Eqs. (4.43) and (4.57) (Eqs. (4.47) and (4.55), Eqs. (4.48) and (4.56)) are related 
through the crossing symmetry. In the case without the custodial symmetry, the amplitudes 
of W^Wj^ — ;> W^H' and W^W^ — )• W^H^ are different from the other four amplitudes 
because of dependence. See Appendix C. Amplitudes in Eqs. (4.46) and (4.54) related by 
the crossing symmetry vanish in the case with the custodial invariance. We also obtain the 
equality between Eqs. (4.45) and (4.53). This equality is broken by the custodial symmetry 
breaking terms as shown in Appendix C. 

The coefficient, C4(a,/3), is expanded in terms of a — /? as follows: 

+ 2{a - P) ((1 + 2C2P + C4/3)cfni - 4(s2/3 - S4/3)cfn2 + 2((1 + C4^)cfi22 

- (1 - C4/3)(cf^21 + cf^l2) - 4(s2/3 - S4/3)c|^21 " (1 " 2C2/3 + C4/3)c|^22 



+ 0((a-/3)2), (4.60) 

If we take the decoupling limit, all of nonzero amplitudes can be expressed by one param- 
eter, C^{f3). Hence, the following relations are satisfied: 

M{W+W^ ^ W+H~),^,, ='-±lcm, (4.61) 

MiW+Wl ^ ZiA)eust =M{WtW^ ^ /i//)cust = j^W)- (4.62) 
Finally, amplitudes of double heavy Higgs boson production are listed: 

M{WtWj: ^ H+H-U,, =^Cm + -^(cf22i - cfi22), (4.63) 

M{W+WJ^ ^ ^^)cust =-^C6(a,/3), (4.64) 

M{WtWj: ^ ^A)eust =-^C5(/3), (4.65) 

s + 2t 

M{WtWl ^ //A)cust = - ^^y^c„_Mcf22i - Cf2i2), (4.66) 

M{ZlZl ^ H+H"U,, =-^C'5(/3), (4.67) 

M{ZlZl ^ HHU,t =j^C6{a,(3), (4.68) 

MiZLZL ^ AAU,t =-^(cn22 " 3cf22i), (4-69) 

M{ZLZL^HAU,t=0, (4.70) 
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s -\- 2t 

M{WIZl ^ H+HU,t = - i^j^ca-p{cg2i - 4x2), (4.71) 



(4.72) 

MiW^W^ ^ H+H+U,, = - j^C,if3), (4.73) 
where 

C5W) =l{a - C4/3)(cfni - 2cf22i - 2cf2l2 + 422) 

- 4S4/J(4ll2 - 421) + 2(3 + C4;3)4l22) , (4.74) 



Ce{a,(3) =^((2(1 + C2/3) - (1 + 2C2/3 + 04/3)02(0-/3) + (2S2/3 + S4/3)s2(a-/3))4lll 
+ 4(s2/3 - (s2/3 + S4/3)c2{a-/3) " (c2/3 + C4/3)s2(a-/3) )4l2 



+ 2(2 + (1 + C4i3)c2(a-l3) " •S4/3S2(a-/3) )Cii22 

- 2((1 - C4i3)c2(a-I3) + ■54/3'S2(q-/3) ) (421 + 4l2) 

+ 4(s2/3 - (s2/3 - S4/3)c2(a-/3) " (c2/3 " C4/3)s2(a-/3) )421 

+ (2(1 - C2/3) - (1 - 2c2/3 + C4/3)c2(„_/3) - (2^2/3 - S4/3)s2(a-/3))422 ) ■ (4.75) 



The amplitudes, Eqs. (4.65), (4.67) and (4.73), are identical up to overall sign, and the 
amplitudes, Eqs. (4.64) and (4.68), are identical. Among them, for the process, W^W^ 
H^H^, dependence appears when the custodial symmetry breaking terms exist. See 
Appendix C. Unlike previous cases, the processes, Z^Z^ — )■ AA and W^Zl — )■ A^ 
have the ^21 dependence. Equation (4.66) is identical to Eq. (4.71) due to the custodial 
symmetry. 

We present the power series expansion of a — /3 for the coefficient, C6(a, /3), as follows: 
C6(a,/3) =C5(/3) 

+ 2(a - /3) ((2S2/J + S4/3)4lll - 4(c2/3 + C4/3)4ll2 - 2S4/j(4l22 + 421 + 4l2) 
— 4(c2/3 — C4/3)421 ~ (2S2/3 " ■54/3)422^ 

+ 0{{a-pf). (4.76) 

The amplitude, M{W^W£ -?■ HH), becomes the same as M{W^W£ AA) in the 
decoupling limit. 

4.3 Cross sections and numerical results 

Since we assume that masses of scalar bosons can be neglected, a cross section is written 
as 

a{V,V2 ^ X,X2) ( + ^) , (4.77) 



327r/4 V 2 6 
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for an amplitude 



M 



CsS + Ctt 



(4.78) 



If Xi = X2, the cross section must be divided by two. With the above formula, cross 
sections of vector boson fusion subsystems are given as follows: 



a{W^W^ hh) 



327r/4 3 



cust 



327r/4 



C2(a,/3)^ 



Ct{W+WJ^ ^ ^L^L)cust 

a{ZLZL ^ VF+VF^)eust =MWtWj: 
a{ZLZL ^ /i/i)cust =<J{W+Wj; - 
a{WtZL ^ Ty^^L)cust =a{yVlWl - 



)cust, 

^ W^L )cust, 
^^)cust) 

W^L )cust, 



(4.79) 
(4.80) 

(4.81) 

(4.82) 
(4.83) 
(4.84) 

(4.85) 



a^WtWl ^ VF+i^-)cust =^^^C'3(/3)^ (4.86) 

aiy/tWl ^ hHU,, =-I-.2C,{a,P)\ (4.87) 

a{WtW^ ^ /i^)cust =^^§f sin2(a - /3)(cf22i - cf2i2)2, (4.88) 

aiW+W^ ^ ^L^)cust =3a(W^+P^^ ^ t^+F-)eust, (4.89) 

^(ZlZl ^ W+H-U,t =3a{W+W£ ^ Ty+F^)eust, (4.90) 

a{ZLZL ^ /li/)cust =<t(T^+T^^ ^ /i/?)cust, (4.91) 

a(M^+ZL ^ F+/i)eust =a{W+W^ ^ /iA)cust, (4.92) 

a(W+ZL ^ ty+^)cust =a(Ty+Ty^ ^ W^+F-)cust, (4.93) 

a{W+ZL ^ i/+^L)cust =a(Ty+Ty^ ^ H^+F-)eust, (4.94) 

^(^L ^ T^/^+)cust =3a{W+W£ ^ T^+//-)eust, (4.95) 
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Figure 1. Cross sections of W^W£ — > W^W£ for /3 = 7r/6 (left) and 7r/4 (right). The decay 
constant / is fixed as 750 GcV. The line of the SILH means the cross section of W^W£ — >■ W^W£ 
with a = /3 = 0, c^m = 1 and the others vanish. For the other lines, only one of coefficients is 
unity and the others arc zero. 



(4.96) 

a{W+W£ ^ HHU,, =_l_C6(a,/3)2, (4.97) 
a{W+W£ ^ AA)eust =^^C,{/3f, (4.98) 

aiW+W£ ^ i7^)eust =^^§f cos2(a - /3)(cf22i - cf2l2)^ (4.99) 

a{ZLZL ^ ^+^^)cust =2a(t^+W^^ ^ AA)eu.t, (4.100) 
a(ZiZL ^ //i/)cust =a{W+W£ ^ F/7)eust, (4.101) 

a(Zi.Zi ^ AA),,,t =^^(cn22 - 3cf22i)', (4.102) 

a{W+ZL ^ //+//)cust =fT(H^+P^^ ^ ^A)cust, (4.103) 

a(T^+ZL ^ H+AU,, =_l_i (^(C5(/3) - cfi22 + ^21 " 3cf22i)' 

+ 3l<^5(PjH ^ C1122 + C1221) 

(4.104) 

a(W^+W^+ ^ H+H+),^,t =a{WiW^ ^ ^A)cust. (4.105) 



In these cross sections, we omitted processes whose amplitudes are zero. Some of cross 
sections are proportional to others even if their amplitudes are not. Notice that since we 
still have ten independent cross sections, all of parameters, c^'"^//^, a and /3, can be fixed 
by measuring these processes. 

Cross sections depend on eight coefficients and two angles. In the following figures, 
one of coefficients is turned on and the others are turned off. Coefficients turned on are set 
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o It/6 7t/3 11/2 27t/3 511/6 Jt 11/6 11/3 lt/2 2lt/3 5lt/6 n 



Figure 2. The /3 dependences of W+W£ W+W£ (left) and W+W£ H+R- (right). 
These cross sections are given in the unit of the W^W£ — !• W^W£ cross section with the SILH 
parameters. 

as unity. The parameter that a = /3 = and only c^m reproduces the SILH, hence 
we call this case the SILH. The decay constant of the NLSM, /, is set to be 750 GeV. 

In Fig. 1, cross sections of W^W£ — t- W^W^ are presented, where /3 is chosen as vr/G 
or 7r/4 and, for each line, only one of coefficients is turned on. Since all lines are linear 
functions of the squared invariant mass, s, they are parallel to each other. 

In Ref. [9] it is shown that focusing on the central region, —1/2 < cos^ < 1/2, helps 
us discriminate the derivative interactions from the other contributions in high energy 
region. Without restriction to the central region, the cross section of the longitudinal 
mode production is much smaller than that of the transverse mode in the SM (~ 2 x 10^ 
fb)^. Further investigation with polarization measurement proposed by Ref. [8] could be 
useful to distinguish the longitudinal mode from the transverse mode at the lower energy 
region. Cross sections of the central region are given in Appendix E. 

Cross sections of W^WJ^ — )• W^W£ and W^WJ^ — )• H^H~ as functions of /3 are 
shown in Fig. 2. Each line corresponds to the case where one of coefficients is nonzero. 
Cross sections are presented in the unit of the W^W£ — )■ W^W£ cross section with the 
SILH condition. For W^W^ — >• W^W£ , the largest ratios given by 0(^12 and C2221 are 
27/16. Peaks of small bumps given by c{^22' '^1221 ^^'^ '^1212 fourth comparing to 

the SILH cross section. Absence of and c^22' respectively, erases the cross section 
at /3 = and 7r/2. For W^W£ — )■ H~^H^, c^yn ^'^d cf^2i generate larger cross section 
than that given by W^W£ — ^ ^l^l ™ SILH. Contributions of cf^22 ^-nd cf^2i "io 
not vanish for any (3. In summary, cross sections receive large contribution from cf^]^2 and 
cg^i for W^W^ WlW£ and from cfi22 and cf^2i for W^W^ H+H'. On the 
other hand, if only c{|i2 appears, the production cross sections of both processes are much 
smaller than the W boson pair production cross section in the SM. 

Figure 3 shows /3 dependences of W^Wj^ — > hh and W^Wj^ — ^ HH for a — /3 = 0, 

^ Our SILH line (/ — 750 GeV, a = /3 — and c^m — 1) corresponds to the line of ^ 0.9 in terms 
of Ref. [9]. 
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Figure 3. The P dependences of W^W£ hh (left) and W^W^ HH (right). Each row 
means a — /3 = 0, 7r/6 and 7r/4. These cross sections are given in the unit of the W^Wj^ — )• W^Wj^ 
cross section with the SILH parameters. 



7r/6 and ir/'i^. Their cross sections are divided by the cross section of W^W^ — )• W^Wj^ 
in the SILH. These cross sections can exceed the SM WW — )• hh production cross section 
(~ 5 X 10^ fb) in a few TeV region without studying on the central region. By analysis in 
the central region, the contributions of derivative interactions can be distinguished from 
the other effects even in the region lower than 1 TeV. 

® The cross section of W^W^ hh with the SILH case (/ = 750 GeV, a = /3 = and cfm = 1) 
corresponds to that with the hne of a'^ — 6 ~ 0.9 in terms of Ref. [9]. 
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In summary, we found that the longitudinal mode of W boson and the charged Higgs 
boson possessed quite different parameter dependences. Because the production cross sec- 
tion of W~^W~ — hh is smaller than that of W~^W~ — )■ W~^W~ by 2 orders of magnitude 
in the SM, W^W£ — )• hh is the promising process to see effects of derivative interactions. 
There are several possibilities to discriminate the NG 2HDM from the SILH depending 
on parameters: the decay constant, coefficients, angles and mass spectra of heavy Higgs 
bosons. For example, since the cross section of W^W^ — )• hh is three halves larger than 
that of W^W^ — )• W^W£ in the SILH, the difference from the SILH could be easily found 
if W^W£ — )• W^W£ is observed. In the case that additional Higgs bosons are light, other 
processes may be promising to discriminate this model from the SILH. 

5 Conclusions 

We have extended the treatment of the dimension-six derivative interactions in the SILH 
model to the case of NHDM. The operators are phenomenologically important because 
they determine high energy behavior of the scattering amplitudes of the longitudinal gauge 
bosons and the Higgs bosons. 

In the NLSM, the information of the global symmetry breaking determines the form of 
the operators, and hence the derivative interactions are governed by the structure constant. 
Since the N Higgs doublets can be embedded in the NG fields as the SO (AN) multiplet, 
the derivative interactions can be expressed using the SO{4:N) generators. Using the 
bidoublet notation, it is easy to impose the SU{2)l x U{1)y to the interactions. As a 
consequence, the number of the derivative interactions, (3/2)A^^(A^^ + 1) real DOF and 
(l/2)iV2(3A^2 _ imaginary DOF in the general NHDM, is reduced to {1/2)N'^{N^ + 3) 
real DOF and (l/2)A^^(iV^ — 1) imaginary DOF due to the nature of a strongly interacting 
dynamics. 

We have then applied these results to the 2HDM. By the phenomenological require- 
ment, we impose the manifest custodial invariance. We have calculated the scattering 
amplitudes of the longitudinal gauge bosons and the Higgs bosons by the dimension-six 
derivative interactions. We have derived various relations among the scattering amplitudes, 
and clarified the differences between the custodial symmetry violating case and preserving 
case. The amplitudes including only the SM particles violate the simple relations found in 
the SILH model. These relations are recovered in the decoupling limit, a — P = 0. In other 
words, the parameter a — /3 is a key parameter to distinguish the composite 2HDM from 
the SILH model. The high energy behavior of the scattering amplitudes can provide an 
alternative way to study the Higgs sector to the Higgs coupling measurements through the 
Higgs boson production and decay processes. We have obtained several relations among 
the amplitudes involving heavy Higgs bosons, which provides us clues to the structure of 
the 2HDM described by the NLSM. Pair production cross sections of longitudinal gauge 
bosons and Higgs bosons due to dimension-six operators also have been calculated. We 
have found that W^W£ hh is a promising process to see the effect of derivative interac- 
tions. Cross sections of other processes may be large enough to be observed, so that their 
observations are useful to distinguish this model from the SILH. 
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Even if the Higgs boson is discovered, it is not easy to reveal the structure of the Higgs 
sector. By investigation of the strongly interacting NHDM, we show that precise measure- 
ments of the longitudinal gauge boson scatterings can give us hints for physics beyond the 
SM; how many the Higgs doublets exist, whether the fundamental interactions are strong 
or weak, etc. These phenomena are important physics targets in collider experiments at 
the LHC and LC. 
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A Generators of the SO (AN) 

In order to respect the 5'0(4) ~ SU{2)l x SU{2)^ symmetry, it is convenient to classify 
the generators of the SO (AN) into the irreducible representation of the SO (4). We can 
write 2N{4N — 1) generators in terms of the Kronecker delta: 

jnab \ = --( c jb+4(jr-l), d _ ^a+4{i-l), d ^fe+4(jr-l), c\ ^ 

where i, j G {1, (i < j), a,b £ {1, 4} and c,d £ {1, AN}. Namely, i and j mean 

the indices of 4 x 4 blocks and a and b stand for components in each blocks. 
The generators can be classified as follows: 

rpR2 T-il3 rp2i ( \ R 









(A.7) 


rpLl 
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, ^41 


(A.8) 








(A.9) 






^{id)' 


(A.IO) 


rpRl 


rplAi rp23 1 7^32 


, ^41 


(A.ll) 


rpR2 

^{id) 


7^13 7^24 1 7^31 
- ~ ^ {id) + ^ {id) ~ 




(A.12) 


rpR3 


rp'\_2 1 rp21 7^34 
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, ^43 


(A.13) 
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(A.14) 



c-ll 




rp33 1 Tn44 


(A.15) 






, Tn34 , T^43 


(A.16) 


q13 
'-'fi i) 


- ^(m) "^^(m) 


(A.17) 


c.21 


- ~^(id)~^{id) 


Tn34 T-.43 


(A.18) 


c.22 




Tn33 , T-.44 


(A.19) 


C.23 


Tnl4 Tn23 




(A.20) 


c.31 






(A.21) 


q32 


- ^{id) + -^{^3) + ^{^d) + ^{idV 


(A.22) 


C33 


ry-tll 1 rp22 


7^33 Tn44 


(A.23) 



where T,^",, Tr^.„ 



and 'S'^"^) are (3, 1), (1, 3), (1, 1) and (3,3) representations 
of SU{2)l X SU{2)pi, respectively. Normalization depends on whether the generator is 
in diagonal block or off-diagonal block. According to the above, all kinds of generators 
appear for N = 2. Therefore, as an example, we show the generators of the S'0(4) and the 
generators, (1, 1) and (3,3), in the 50(8) below: 
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where blanks are filled by zero and O4 and I4 are the empty matrix and the unit matrix of 
four dimensions. 

B Bidoublet notation 

The bidoublet notation is useful to see the SU{2)l x SU{2)ji ~ 50(4) symmetry. We use 
the following 4x4 matrix as bidoublet: 



(B.l) 



Under the SU{2)l x SU{2)pi symmetry, the transformation low of the bidoublet is 

L<l>iiR\ 

where L G SU{2)l and R G SU{2)r. 

The correspondences between the SU{2)i doublets and the bidoublets are 



(B.2) 



H]Hi 



d^H]d,Hi 
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2 

It,. 
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It,- 

2 

It, 
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(B.3) 
(B.4) 
(B.5) 
(B.6) 
(B.7) 
(B.8) 
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where the following relations are used: 



Tr 



Tr 



33 * 



Tr 
Tr 



^^33 



Tr 
Tr 



Tr 



Tr 



(B.9) 
(B.IO) 
(B.ll) 
(B.12) 



Any potential terms and dimension-six derivative interactions can be described using 
the relations. In the potential and the derivative interaction, terms including violate 
the 50(4) symmetry. 



C Amplitudes for 2HDM without the SO{A) symmetry 

Amplitudes of the longitudinal modes and the Higgs bosons generated by the dimension- 
six derivative interactions are displayed below for 2HDM. We here consider the amplitudes 
based on the following Lagrangian: 

H H H H 

''-2HDM — r,f2 ^ 72~l'-^1112 "r '^112lJ "> 72~'^1122 "i 72~'-^1221 



U U H 

I '^1212 fr^H : nH \ I "^2221 ^r^H : nH \ I "^2222 

2/2 '^1212 "1" *^212lJ "I J2~'^ 2212 "r '-^222lJ "r ^^2" 2222 



2/2 /2 V*^1112 + ^1121/1 + j2 '-^1122+ f2 "^1221 



Cllll , ^1112 fr^T ^ 4 ^ ' '^1122 , ^^1221 r\T 

T T 

'1212 fr)T I /^T" ^ I "^2221 rr>T , /O^ \ i ^2222 , 



(^^1212 + O2121) H 79~(02212 + ^2221) + r, ^9 ^2222' 



2/2 ^ J^^J^^ "ZiZi/ ' y2 v^zziz ' "zzzi^ ' 2J 

where, for simplicity, we assume all coefficients are real and the spontaneous CP violation 
is avoided. The Lagrangian apparently violates the custodial symmetry at the tree level 
due to the contributions of operators . In the following, initial states, Vi and V2, are 
the longitudinal modes of massive gauge bosons, and Zl. The definitions of the 
Mandelstam variables are given by Eqs. (4.26), (4.27) and (4.28). In order to clarify the 
difference from the custodial invariant case, we also show the results in which amplitudes 
are decomposed into the custodial invariant part, A^cust) given in Sec. 4.2 and the custodial 
symmetry violating part. 

Firstly, amplitudes producing the SM particles are displayed i.e. V1V2 — )• ^1^2 (-'^ii ^2 £ 
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M{W+W£ ^ W^W[) =^ ((3 + Ac2p + C4^)(cfni + 3cfni) + 4(2s2/3 + S4/3)(cfn2 + Scfns) 



2 

+ 2(1 — C4/3)(Cii22 + ^1221 + "^1212 + 3(Cii22 + C122I + ^1212)) 

+ 4(2s2/3 - S4/3)(C^21 + 3ci22l) + (3 - 4c2/3 + C4/3)(c|^22 + 3C2222) 

(C.2) 

-^(^L ^ ^^L )cust 

+ ^^^72^ ((^ + ^^2/3 + C4/3)cfni + 4(2S2/3 + S4/3)cfn2 
+ 2(1 — C4/3)(cfi22 + C122I + C1212) 

+ 4(2s2/3 - S4/3)C2221 + (3 " 4c2/3 + C4/3)ci222 (C-3) 



^(^L ^ =^((2 + 2^2/3 + (1 + 2C2/3 + C4/3)C2(«_^) - (2s2/3 + S4/3)s2(„_/3) )cfni 

+ 4(s2/3 + (s2/3 + S4/3)c2(a-/3) + (c2/3 + C4/3)s2(„-/3) )cf^i2 

+ 2(2 - (1 + C4^)c2(o_/3) + S4/3'S2(a-/3))Cn22 

+ 2((1 - C4/3)c2(o_/3) + S4/3S2(Q,_/3))(cf^21 + ^1212) 

+ 4(s2/3 + (s2/3 - S4/3)c2(a-/3) + (c2/3 - C4/3)s2(„_/3) )c|^21 

+ (2 - 2c2/3 + (1 - 2c2/3 + C4/3)c2(„_/3) + (2S2/3 " S4/3)s2(a-/3))c|^22 

(C.4) 

=7W(Vr+t^^ ^ /i/i)cust, (C.5) 
M{W^W£ ^ Z^Zi) =^ ((3 + 4c2^ + C4/3)cfni + 4(2^2/3 + S4/3)cfn2 

1212J 



+ 2(1 - C4/3)(cfi22 + Cmi + c 
+ 4(2s2/3 - S4/3)C^21 + (3 - 4c2/3 + C4/3)c|^22 ) (C.6) 



=7W(VF+VF^ ^ ZLZL)cust, (C.7) 

C4l3)Ca-l3 - (2S2/3 + 8413)3 a- l3)CilU 



+ 4((2s2/3 + S4i3)Ca-l3 + (c2/3 + C4/3)sQ-/3)cfn2 

+ 2((1 - C4p)Ca-l3 + S4/3SQ-/3)(Cn22 + CT22I + ^^212) 

+ 4((2s2/3 - S4/3)Cq,_/3 + (c2/3 - C4^)Sq-^)cJ221 

+ ((3 - 4c2/3 + C4/3)Cq_^ + (2s2/3 " ^4/3 £^222 ) ) (C-^ 
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M{ZlZl ^ W+W£) ~ ((3 + 4c2^ + C4^)cfni + 4(2s2/3 + s^p)c^u2 

+ 2(1 - C4/3)(cfi22 + cf221 + 0^212) 

+ 4(2s2/3 - S4/3)cf221 + (3 " 4c2/3 + 04^3)0^22) (C.9) 

=M{ZlZl ^ W+W^Usu (C.IO) 

A1(ZlZl ^ /l/l) =^(^(2 + 2c2/3 + (1 + 2c2/3 + C4/3)C2(„_^) - (2s2/3 + S4/3)s2(a-/3) ) (cfm + Scfm 

+ 4(s2/3 + (s2/3 + S4/3)c2(q-/3) + (c2/3 + C4/3)s2(a-/3) ) (Cni2 + Scfna) 

+ (1 + (1 - 2c4/3)c2(a_;3) + 2S4/3S2(a_/3) ) (Cn22 + cf^21 + 3(cn22 + £^221)) 

+ 3(1 — C2(q,_/3))(C]^i22 — C122I ~ C1122 + C1221) 

+ 2(1 - C4i3C2(a-(3) + S 4.(3 S2{a- 13)) {^1212 + 3cf212) 

+ 4(s2/3 + (s2/3 - S4/3)c2(q_/3) + (c2/3 - C4/3)s2(a-/3) ) (£^21 + 3C222l) 

+ (2 - 2c2/3 + (1 - 2C2/3 + C4is)c2(^a-I3) + (2S2/3 " •S4/3)s2(a-/3) ) (£^22 + 3ci'222 

(C.ll) 

=7W(ZlZl ^ /l/l)eust 

3s / 

+ 8^ ((^ + ^"^2/3 + (1 + 2C2/3 + C4/3)c2(a_/3) - (2s2/3 + S4/3)s2(a-/3) )Cnil 

+ 4(s2/3 + (s2/3 + S4/3)c2(a-/3) + (c2/3 + C4/3)s2(„-/3) )cfii2 
+ (C2(a-/3)(1 - C4/3) + S2(a-/3)S4/3)(Cn22 + ^mi + ^1212) 
+ 4(s2/3 + (s2/3 - S4/3)c2(a-/3) + (c2/3 - Cil3)s2{a^fS))c2221 
+ (2 - 2c2/3 + (1 - 2c2/3 + C4/3)c2(„_/3) + (2^2/3 - S4/3)s2(a-/3))ci'222'^ 

+ - C2(a-/3)) (3(0^221 +cf212) " (Cmi " 412)), (C.12) 

M{ZlZl ^ Z^Zi) =0, (C.13) 
M{ZlZl ^ /iZi) =0, (C.14) 



M{W^Zl W^h) = - i'^^Jj2- (((3 + 4c2/3 + 04/3)0^-/3 - (2s2/3 + S4/3)Sa-/3)Cnii 

+ 4((2s2/3 + S4/3)Ca-/3 + (c2/3 + C4/3)Sa_/3)cfii2 

+ 2((1 - C4/3)Cq_/3 + S4/3SQ_/3)(cfi22 + ^mi + ^1212) 

+ 4((2s2/3 - S4/3)Ca-/3 + (c2/3 - C4/3)Sa-/3)c2221 

+ ((3 - 4c2/3 + C4/3)Ca_/3 + (2s2/3 " •S4/3)'Sa-/3)cf222) ' 

(C.15) 

M{W+Zl ^ T^+^l) ~ ((3 + 4C2/3 + C4/3)cfni + 4(2s2/3 + S4/3)cfn2 

+ 2(1 — C4/3)(Cii22 + Ci221 + ^1212) 

+ 4(2s2/3 - S4/3)ci21 + (3 - 4c2/3 + 04/3)422) (C.16) 

=A^(M^+Zl ^ W^ZlUsu (C.17) 
(1^+^+ ^ T^+H^+) = - -1^((3 + 4C2/3 + C4/3)(cfni + 3cfni) + 4(2^2/3 + 54/3)(cfn2 + 3cfn2 

+ 2(1 — C4i3)[Cii22 + C1221 + C1212 + 3(C;^|22 + ^1221 + ^1212)) 

+ 4(2s2/3 - Si(3){c2221 + 30^221) + (3 - 4c2/3 + C4/3)(c^22 + 3C2222) 

(C.18) 

=M{W+W+ ^ W+W+)cust 

- ^2 ((3 + 4c2/3 + C4/3)Cnii + 4(2s2/3 + •S4/3)Cni2 
+ 2(1 - C4/3)(cfi22 + C?221 + cf212) 

+ 4(2s2/3 - S4/3)ci221 + (3 " 4c2/3 + 04/3)03222) • (C.19) 

Secondly, in the following amplitudes, one of the emitted particle is a heavy Higgs 
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boson, Xi G {Wf,ZL,h} and X2 G {H^,A,H}: 



M{W^Wl 



s + 1 



2 (2s2/3 + S4/3)(cnii + 3cfin) + 4(c2/3 + C4^)(cni2 + 3cfn2^ 

/ / T T T w 

+ 2S4^(C]^i22 + C122I + C1212 + 3(Cii22 + C122I + C1212)) 

+ 4(c2/3 - C4/3)(C^21 + 3ci22l) + (2^2/3 " S4/3)(c|^22 + 3C2222)^ 

(C.20) 



3(s + t) 



+ 



2 1 (2S2/3 + •S4/3)Ciiii + 4(c2/3 + C4/3)Cni2 
+ 2S4^(Cii22 + Ci221 + C1212) 



+ 4(c2/3 - C4/3)C2221 + (2s2/3 - S4/3)ci222) ; (C.21) 
A4(VF^VFjf ^ /iF) =^(^-((2s2/3 + S4/3)c2(a-/3) + (1 + 2c2/3 + C4/3)s2(„_/3) )cfiii 

+ 4((c2/3 + C4/3)c2(q_/3) - (s2/3 + S4/3)s2(q-/3) )Cni2 



-1122 



+ 2(s4/3C2(a-/3) + (1 + C4/3)s2(a-/3))' 
+ 2(s4/3C2(q,_/3) - (1 - C4/3)s2(Q,_/3))(cf^21 + cf^l2) 
+ 4((c2/3 - C4/3)c2(q_/3) - (S2/3 - S4/3)s2(q-/3) )ci21 
+ ((2S2/3 - S4/3)c2(a_;3) - (1 - 2c2/3 + C4/3)s2( " ^"'^ 



hH) 



CUSt ) 



^ hA) 



=^~^yj~(~((2'^2/3 + S4/3)Ca-/3 + (1 - C4/3)Sa-/3)cfin 

+ 4((c2/3 + C4i3)Ca-i3 - S4/3'SQ-/3)Cni2 

+ 2(s4/3Ca-/3 + (3 + C4i3)Sa-i3)cli22 

+ '^{SipCa-IS - (1 - C4/3)'Sa-/3) (0^221 + £^212) 

+ 4((c2/3 - C4/3)Ca_/3 + S4/3Sa-/3)c2221 

+ ((2s2/3 - S4/3)Ca-/3 + (1 - £4/3)3^-/3)0^222) 
--M{WtWl ^ /lA)cust 
+ «^;^TJ-(-((2S2/3 + Sip)Ca-p + (1 - C4/3)sQ,_/3)cf 



111 



+ 4((c2/3 + C4/3)Cq,_/3 - S4/3'SQ-/3)Cni2 
+ 2(s4/3Cq,_/3 + (3 + C4/3)sQ_/3)(cfi22 + ^^221 + ^^212) 
+ 4((c2/3 - C4/3)Ca-/3 + S4/3'Sa_/3)c2221 
+ ((2s2/3 - S4/3)Cq-/3 + (1 - C4/3)Sc 

.s + 2t 



Sa-/3( 3(C]^221 +'^1212) ~ (^1221 



C1212, 



(C.22) 

(C.23) 



(C.24) 



(C.25) 
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MiW^W^ ^ ZlH) =i^^^(^{{2s2l3 + S4/3)C„_^ + (3 + 4c2/3 + C4/3)s„_^)cfni 

- 4((c2/3 + C4i3)Ca-l3 - (2S2/3 + 84/3)8 a- I3)cni2 

- '^{84/3Ca-i3 - (1 - 8 a- 13) iCil22 + ^1221 + C1212) 

- 4((c2/3 - C4/3)Ca_/3 - (2s2/3 - S4/3)Sa_/3)c^221 

- ((2S2/3 - S4/3)Cq:-/3 - (3 - 4c2/3 + 04^3) 5^-/3 )ci222) ) (C.26) 
M{W+W^ ^ ZlA) =^(-(2s2/3 + S4/3)cfni + ^C2^ + C4/3)cfn2 

+ '^8ii3[Cii22 + C;^221 + ^1212) 

+ 4(c2/3 - 04/3)0^21 + (2S2/3 - •S4/3)ci22) (C.27) 

=7W(W^+T^^ ^ ^L^)cust, (C.28) 
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M{ZlZl ^ W^H-) =^[-{2s2p + S4/3)cfni + 4(c2^ + C4/3)cfn2 

, , 

+ 2S4/3(Cii22 + C122I + C1212) 

+ 4(c2/3 - C4/3)c|^21 + (2'S2/3 " S4/3)c|^22) (C.29) 
=M{ZlZl ^ t^+//-)cust, (C.30) 
hH) =^(^-((2s2/3 + S4/3)c2(„-/3) + (1 + 2C2/3 + C4/3)s2(„-/3) ) (cfm + Scfm) 

+ 4((c2/3 + C4/3)c2(o-/3) - (s2/3 + S4/3)s2(a-/3) ) (Cni2 + 3Cni2) 

+ (2S4/3C2(a_/3) - (1 - 2C4/3 ) 52(^-/3) ) (Cu22 + cf^21 + 3(cn22 + cf22l)) 

+ 3S2(a-/3)(Cll22 ~ C;^221 ~ C;^|22 + C1221) 

+ 2(s4^C2(o_/3) + C4/3S2(a-/3))(Cl212 + 3cf212) 

+ 4((c2/3 - C4/3)c2(„_/3) - (s2/3 " S4/3)s2(a-/3) ) (£^21 + 3c^22l) 

+ ((2S2/3 - •S4/3)c2(a-/3) - (1 - 2C2/3 + C4/3)s2(a-/3) ) (c|^22 + 3C2222)) 

(C.31) 

=M{ZLZL^hH),^,t 

+ 8^(~((2'^2/3 + S4/3)c2(a-/3) + (1 + 2C2/3 + C4/3)s2(a-/3))Cnil 

+ 4((c2/3 + C4/3)c2(„_/3) - (s2/3 + S4/3)s2{„-,3) )cfii2 

+ ((-1 + C4/3)s2(a-/3) + S4/3C2(a-/3) ) (Cn22 + cf221 + C?212) 

+ 4((c2/3 - C4/3)c2(a_/3) - (s2/3 " ■S4/3)s2(a-/3) )ci'221 

+ ((2S2/3 - S4/3)c2(„_/3) - (1 - 2C2/3 + £4/3)52(0-/3) )ci222) 
+ J^^2(a-/3) (3(0^221 + £^212) ~ (Cl221 ~ ^(^12)) 1 (C.32) 

M{ZlZl hA) =0, (C.33) 
M{ZlZl ^ =0, (C.34) 

M{ZlZl ^ ZlA) =Q. (C.35) 
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M{W+Zl ^ H+h) =i sa-pi-cg^, + c 



+ '^~^J2~ (((2'S2/3 + S4/3)Ca-/3 " (1 " C4/3)Sa-/3)cfni 

- 4((c2/3 + C4i3)Ca-l3 - S4/3'Sa-/3)Cni2 

- 2{s4i3Ca-l3 — (1 — C4/3)'Sa-/3)Cii22 

- 2{Sii3Ca-l3 + (1 + C4/3)So_;3) (0^221 + £^212) 

- 4((c2/3 - C4/3)Ca_/3 + S4/3So-/3)c2221 

- ((2S2/3 - •S4/3)c„-/3 + (1 - £4/3)8^-/3)0^222) (C.36) 

+ ^"iys" (((2'52/3 + S4/3)Ca-/3 - (1 - C4/3)s„_/3)cfin 

- 4((c2/3 + C4/3)Ca_/3 - S4/3'Sa-/3)Cni2 

- 2{s4i3Ca-l3 - (1 - C4/3)Sa-/3)(cfi22 + ^1221 + C1212) 

- 4((c2/3 - C4/3)Ca_/3 + S4/3'S«-/3)C2221 

- ((2S2/3 - S4/3)Ca-/3 + (1 " C4/3)Sa_/3)c^222 

.2s + t 



t- 



6/ 



2 



Sa-^ ( 3(0^221 + C1212) ~ (^1221 ~ cf^l2) ) 1 (C.37) 



M{W^Zl W^H) =^^Jjr- (((2s2/3 + S4/3)Ca-/3 + (3 + 4c2^ + C4/3)Sa_/3)cfin 

- 4((c2/3 + C4/3)Ca_/3 - (2s2/3 + S4/3)Sa-/3)Cni2 

- 2(s4^Ca_/3 - (1 - C4/3)Sa_/3)(cf]^22 + ^1221 + ^1212) 

- 4((c2/3 - C4/3)Ca_/3 - (2s2/3 - S4/3)Sa-/3)ci'221 

- ((2S2/3 - S4/3)c„_/3 - (3 - 4c2/3 + C4/3)s„_/3) 0^222) 1 (C.38) 

MiW^ZL ^ W^+A) =^ (-(2^2/3 + 54/3)cfni + 4(c2/3 + C4/3)cfn2 

+ 2S4/3(Cii22 + ^1221 + ^1212) 

+ 4(c2/3 - C4/3)C^21 + (2S2/3 " •S4/3)c|^22 ) (C.39) 



=M{W+Zl ^ t^/^)cust, (C.40) 

M{WIZl ^ i^+Zi) =^ (-(2S2/3 + 54/3)cfin + 4(c2/3 + C4/3)cfn2 

/ \ 

+ 2S4/3(Cii22 + ^1221 + ^1212) 

+ 4(c2/3 - C4/3)C^21 + (2S2/3 " •S4/3)c|^22) (C.41) 

=M{WIZl ^ ^+^L)cust, (C.42) 
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M{WtWt ^ WtH+) = - ^ (-(2^2/3 + 54/3)(cfni + 3cfni) + 4(c2^ + C4/3)(cfn2 + Scfna) 

/ H H H / T T T w 

+ '2S4i3{Cii22 + C122I + C1212 + 3(Cii22 + C122I + ^1212)) 



+ 4(c2/3 - C4p){c2221 + 3ci22l) + (2S2/3 - S4/3)(c|^22 + 3C2222 



,T 
■22; 

(C.43) 



Jcust 



3s / 

— 2 (-(2S2/3 + S4/3)Cnii + 4(c2/3 + C4/3)cfn2 



C1122 + C122I + C1212) 
+ 4(c2/3 - C4;3)C2221 + (2S2/3 " 8413)02222) ■ (C.44) 

Finally, we show the amplitudes of double heavy Higgs boson productions i.e. Xi,X2 G 
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{H^,A,H}: 



4s4/3(Ciii2 c|^21 + 3(Cni2 c|22l)) 
+ 2(1 + C4/3)(cfi22 + cf221 + 3(Cn22 + £^221)) 

+ 2f2 ('^1122 ~ cf^21 ~ cfi22 + C1221) (C.45) 



+ ^^(^(^ ~ C4/3)(cfni + 0^222) - 12S4/3(cfii2 " ci22l) 

+ 2(s + 5t + 3(s + t)c4/3)(cfi22 + cmi + Cm2)) , (C.46) 

^ =^((2(1 + C2/3) - (1 + 2C2/3 + C4^)C2(„_^) + (2S2/3 + S4/3)s2(a-/3) )Cnil 

+ 4(s2/3 - (s2/3 + •S4/3)c2(a_/3) " (c2/3 + C4/3)s2(a-/3) )Cni2 
+ 2(2 + (1 + C4/3)c2(a-/3) - •S4/3S2(a-/3))Cn22 

- 2((1 - C4/3)c2(a_/3) + S4/3'S2(Q-/3))(Cmi + ^^Uu) 

+ 4(s2/3 - (s2/3 - S4/3)c2{a-/3) " (c2/3 " C4/3)s2(a-/3) )c^21 

+ (2(1 - C2/3) - (1 - 2c2/3 + C4/3)c2(a-/3) " (2^2/3 - S4/3)s2(a-/3))ci22) 

(C.47) 

=M{W+W£ ^ Fi?),,st, (C.48) 
7W(W+T^^- ^ =^((1 - C4/3)(cfni - 2cf22i - 2^12 + ^22) 

- 4s4/3(cfn2 - 421) + 2(3 + C4/3)cfi22) (C.49) 

=M{W+W£ ^ ^^)cust, (C.50) 

M{W+W£ ^ HA) =i^±^(((l - C4;3)C,_;3 + (2S2/3 + S4;3)5a-/3)cfni 

- 4(s4/3Cq,_/3 + (c2/3 + C4/3)Sa-/3)Cni2 
+ 2((3 + C4^)c«_^ - S4i3Sa-l3)Cil22 

- 2((1 - C4/3)c«_^ + S4i3Sa-l3)iCi221 + £^212) 
+ '^{sApCa-P - (c2/3 " C4/3)Sa_/3)ci221 

+ ((1 - Cij3)Ca-l3 - (2S2/3 - 84/3)80-/3)02222) (C.51) 
=M{W+Wj; ^ FA)cust 

+ (((^ ~ C4/3)Cq-/3 + (2S2/3 + S4/3)Sa-/3)cfiii 

- 4(s4/3Co_/3 + (c2/3 + C4/3)Sa-/3)cfn2 

+ 2((3 + C4/3) C-a—j3 'S4/3S(j_/3) (C]^]^22 '^1221 ''I212) 

+ - (c2/3 " Cili)Sa-l3)c^22l 

+ ((1 - C4/3)Ca_/3 - (2s2/3 - 84/3)80-/3)02222) 

~ ^ 3J2 '^"-/3(3('^1221 +"^1212) ~ (^1221 ~ ^(^12))' (C.52) 
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- 4s4/3(cfn2 - 421 ) + 2(3 + C4/3)cfi22) (C.53) 

=M{ZlZl^ H+H~),,,st, (C.54) 

A^(ZlZl ^ HH) =^(^(2(1 + C2/3) - (1 + 2c2/3 + C4/3)C2(„_/J) + (2s2/3 + S4/3)s2(a-/3))(cflll + Scfm) 

+ 4(s2/3 - (s2/3 + S4/3)c2(a-/3) " (c2/3 + C4/3)s2(a-/3) ) (Cni2 + 3Cni2) 

+ (1 - (1 - 2c4/3)c2(„-/3) - 2S4/3S2(a-/3))(Cn22 + ^221 + 3(cn22 + cf22l)) 

+ 3(1 + C2(q_/3))(Cii22 — C]^221 ~ C]^122 + C1221) 

+ 2(1 + C4/3C2(a_/3) - S4/3'S2{a-/3) ) (^1212 + 3cf212) 

+ 4(s2/3 - (s2/3 - S4/3)c2(a-/3) " (c2/3 " C4/3)'S2{a-/3) ) (^21 + 3c^22l) 

+ (2(1 - C2/3) - (1 - 2c2/3 + C4/3)c2(„_/3) - (2s2/3 - •S4/3)s2(a-/3) ) (^22 + 3422)) 

(C.55) 

cust 

3s / 

+ g^((2(l + C2/3) - (1 + 2C2/3 + C4/3)c2(a_/3) + (2s2/3 + S4/3)s2(a-/3) )Cnii 

+ 4(s2/3 - (s2/3 + S4/3)c2(a-/3) " (c2/3 + C4/3)s2{«-/3) )Cni2 

- 2((1 - C4/3)c2(a_/3) + S4/3S2(a-/3))(Cll22 + ^1221 + ^1212) 
+ 4(s2/3 - (s2/3 - S4/3)c2(a-/3) " (c2/3 " C4/3)'52{a-/3) )ci221 

+ (2(1 - C2/3) - (1 - 2c2/3 + C4/3)c2(„_/3) - (2s2/3 - •S4/3)s2(a-/3) )ci222 , 

+ ^(l + C2{a-/3)) (3(^221 +4l2)-(421 " 412)) > (C.56) 

M{ZlZl ^ AA) =^ (2422 - 421 + 4i2 - 3(421 - 4i2)) (C.57) 

=M{ZlZl ^ ^A)cust + ^ (3(4221 + 4212) - (4221 - 412)) , 

(C.58) 

M{ZlZl ^ HA) =0, (C.59) 
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+ '^{sAjSCa-P + (c2/3 + C4/3)Sa-/3)Cni2 
+ 2((1 - C4/3)Ca_/3 + S4/3Sa-/3)Cn22 

- 2((1 + Cii3)Co,-l3 - Sij3So,-j3){Ci22l + £^212) 

- 4(s4/3Ca-/3 - (c2/3 - Cip)s a- 13)0^2,221 

- ((1 - C4;3)c„_/3 - (2s2/3 - S4/3)Sa-/3)ci222) (C.60) 
--M{W+Zl ^ F+//)cust 

+ ^"^72" (~((^ ~ C4^)Cq-/3 + (2S2/3 + S4/3)Sa-/3)Cnii 

+ 4(S4/3C„_^ + (c2/3 + C4/3)s„_/3)cfn2 

+ 2((1 - Cip)Ca-p + S4/3Sa-/3)(Cn22 + ^^221 + ^^212) 

- 4(s4/3Cq„/3 - (c2/3 - C4/3)Sq_/3)c|221 

- ((1 - Cij3)Ca-l3 - (2S2/3 - 8^13)8^-13)02222) 



^ 3J2 ^0'-p{^{Ci221 + C1212) ~ (^1221 ~ cf^l2))) (C.61) 

^ H+A) =^((1 - C4/3)(cfni - 2cfi22 + cf222) - 4s4/3(cfn2 - Cf22l) 



+ 2(l + C4/3)(cf22i+cf2i2) 



=7W(H^+Zi ^ i/+A)cust - =^ (3(C^221 + C^212) - (Cf221 " cf212) 

(C.63) 



+ ^(^r221-cf212) (C.62) 

2s + t /o/ T , T \ /H H 



M{W+W+ ^ H+H+) - C4/3)(-cfni + 2cfi22 + 2cf22i - ^22 

rj-i rj-i rj-i rj-} 

+ "iy — Ciiii + 2Cii22 + 2C;^221 ~ C2222)) 
+ ^S4^l3{Ciii2 — c|^21 + 3(cfii2 — C^22l)) 

-2(3 + C4;3)(cf2i2 + 3cf2l2)) (C.64) 

=M{W^W^ H+H+), 



jcust 



3s / 

+ ~ C4/3)(-cfiii - ^222)) + 4s4/3((Cni2 - 0^^221)) 

+ 2(1 - C4^)(cfi22 + cLl + Cf212))- (C.65) 
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D Elimination of the C and O^^ 

There are four kinds of operators, , C, and O^''" in the dimension-six derivative 
interactions of the NHDM. , C'^ and O^^. The operators, C and O^^, can be 
ehminated by field redefinition. We consider the foUowing redefinition: 



Hi^H, + -MhiHiiHjHk), (D.l) 



where aijki are complex numbers. By the field redefinition on the kinetic term, we introduce 
the following terms: 

{d^H,)Hd^^H,) ^ {d,H,)Hd>^H,) + [^{d,Hi)^d^^{Hi{H]Hk)) + H.c.) + O {{H / ff) , 

(D.2) 

where indices i, j, k and I are summed over the species of the Higgs doublets. The second 
and the third terms can be written using , and : 

^ (^d^Hjd^HiiHiHk) + d^HlHid^{H]Hu)) + H.c. (D.3) 

_aijkl f I 1 /rtH rtHT\\ , '^ijkl ( ,1 



/ 



2 



0]ua + \ {0%a - OfZ) ) + ^ {oi^u + \ {0^,u + O^J,^ ) (D.4) 
_ akiji + atjik , Qfcij/ + atjik . + a-ijik ^ht (y. r\ 

— J2 '^ijkl "I '^ijkl "i '^J2 '-^ijkl- l^-'-'^j 

Accordingly, we can choose the conditions so as to eliminate C" and O^^: 

Ikijl + 0*1 jik = ~ Kjkh 
-akiji + a/*,jfc = - Xfjki- (D.6) 

It is clear that the elimination of C affects the coefficients of . On the other hand, no 
contribution of O^^ arises in the derivative interactions by the prescription. 

The same result can be derived using the equation of motion. We can rewrite O^^/,; 
and Of^j^i as 

Oljki =\d,{HlH,d^^{HlHi)) - \o^^,i - \ (HjH.iHld'Hi + {d'Hk)^Hi)) , (D.7) 

Ofj^i = - HjH.iHld^m + {d'Hk)^Hi). (D.8) 

Ignoring total derivative terms and using the equation of motion, C" can be written in 
terms of , whereas O^''" does not contribute to the derivative interactions. 

E Cross sections of the central region 

The cross section limited in the region of — 1/2 < cos < 1/2 is 

32^^ [ 4 +48 J ^^-^^ 
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for the amplitude given by Eq. (4.78). If same particles are included in the final state, the 



above cross section should be divided by two. 
With the formula, cross sections are 

s 13 

13 

=^^iWtWE ^ ^t^EUst, (E.2) 

=^a{W+W£ ^ /i/i)cust, (E.3) 
24 

<Tl/2{W^W£ ^ ZLZLUst =Y^<^i/2iW^W£ ^ W^W£),^„ (E.4) 

48 

a,/2{ZLZL ^ W+W^Ust =Y^<^i/2iW^W£ ^ WlW£),^„ (E.5) 

ai/2{ZLZL ^ /l/l)cust =CTl/2(W^+VF^ ^ /l/l)cust, (E.6) 

ai/2(T^^ZL ^ W+ZL)cust =ai/2{W+W£ ^ T^+VF^)cust, (E.7) 

24 

e 13 

13 

=-a{WlW£ ^ M^+//-)cust, (E.9) 

=ia(VF+l^^ ^ /ii^)cust, (E.IO) 

=la{W+W^ ^ /i^)cust, (E.ll) 
o 

48 

a,/2{W+W£ ^ Zi^)eust =Y^cTi/2(W^+T^^- ^ Ty+//")cust, (E.12) 

48 

(Ti/2(^lZl ^ W^+//")cust =Y^<^1/2(^L ^ VF+i7-)cust, (E.13) 

ay2iZLZL ^ /l^r)cust =fTl/2(^L ^ /i^)cust, (E.14) 

ai/2(W^^^L ^ H+h)cnst =<Ti/2{W+W^ ^ M)eust, (E.15) 

ai/2{WtZL ^ t^^^)cust =ai/2(t^/T^^ ^ VF+//-)eust, (E.16) 

ai/2(t^/^L ^ ^+^L)cust =(ri/2{W+W£ ^ VF+F-)eust, (E.17) 

48 

ai/2(VF+W+ ^ Ty+//+)cust =T-ai/2(W^+T^i- ^ TV/i/")cust, (E.18) 
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sis/ 22 

(E.19) 



H ^2 
II22J 1 



2 



^ai/2(W^/W7 ^ /?F)eu.t, (E.20) 



327r/4 2 

=\a{WtWl ^ AAU,u (E.21) 

=\a{W+Wj; ^ FA)cust, (E.22) 


ay^iZLZi ^ H+H~),^,t =2ay2{W+W£ ^ AA)cust, (E.23) 

ai/2(ZL^L ^ HHU,t =C7y2{W+W£ ^ /?F)cust, (E.24) 

s 1 

fJi/2(^L^L ^^)cust = g2^^4 ^('^1122 " 3Ci22l) 

= ^a(ZLZL ^ A^)cu.t, (E.25) 
ai/2(T^/^L ^ i^+^)cust =C7l/2{W+W£ ^ /?^)cust, (E.26) 

ai/2(VF+ZL ^ F+A)cust =^^^ ((^5(/5) - cn22 + ^21 " Sc^i)' 

^ ^ ( ta\ I '^1221 + ^'^1212 „H _L„T 
+ ( <-^5(Pj H ^ C1122 + C1221 

(E.27) 

ai/2{WtW+ ^ H+H+U,t =ay2{W+W^ ^ ^^)cust. (E.28) 
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